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Abstract 



Possible (algebraic) commutation relations in the Lagrangian quantum theory of free 

(scalar, spinor and vector) fields arc considered from mathematical view-point. As sources of 
these relations are employed the Heisenberg equations/relations for the dynamical variables 
and a specific condition for uniqueness of the operators of the dynamical variables (with 
respect to some class of Lagrangians) . The paracommutation relations or some their gen- 
eralizations arc pointed as the most general ones that entail the validity of all Heisenberg 
equations. The simultaneous fulfillment of the Heisenberg equations and the uniqueness re- 
quirement turn to be impossible. This problem is solved via a redefinition of the dynamical 
variables, similar to the normal ordering procedure and containing it as a special case. That 
implies corresponding changes in the admissible commutation relations. The introduction of 
the concept of the vacuum makes narrow the class of the possible commutation relations; 
in particular, the mentioned redefinition of the dynamical variables is reduced to normal 
ordering. As a last restriction on that class is imposed the requirement for existing of an 
effective procedure for calculating vacuum mean values. The standard bilinear commutation 
relations are pointed as the only known ones that satisfy all of the mentioned conditions and 
do not contradict to the existing data. 



1. Introduction 



The main subject of this paper is an analysis of possible (algebraic) commutation relations 
in the Lagrangian quantum theor}0 of free fields. These relations are considered only from 
mathematical view-point and physical consequence of them, like the statistics of many-par- 
ticle systems, are not investigated. 

The canonical quantization method finds its origin in the classical Hamiltonian mechan- 
ics [9,10] and naturally leads to the canonical (anti)commutation relations [3,11,12]. These 
relations can be obtained from different assumptions (see, e.g., [1,13-15]) and are one of the 
basic corner stones of the present-day quantum field theory. 

Theoretically there are possible also non-canonical commutation relations. The best 
known example of them being the so-called paracommutation relations [16-18] . But, however, 
it seems no one of the presently known particles/fields obeys them. 

In the present work is shown how different classes of commutation relations, understood 
in a broad sense as algebraic connections between creation and/or annihilation operators, 
arise from the Lagrangian formalism, when applied to three types of Lagrangians describing 
free scalar, spinor and vector fields. Their origin is twofold. One one hand, a requirement for 
uniqueness of the dynamical variables (that can be calculated from Lagrangians leading to 
identical Euler-Lagrange equation) entails a number of specific commutation relations. On 
another hand, any one of the so-called Heisenberg relations/equations [3, 11], implies cor- 
responding commutation relations; for example, the paracommutation relations arise from 
the Heisenberg equations regarding the momentum operator, when 'charge symmetric' La- 
grangian is employed!! The combination of the both methods leads to strong, generally 
incompatible, restrictions on the admissible types of commutation relations. 

The introduction of the concept of vacuum, combined with the mentioned uniqueness of 
the operators of the dynamical variables, changes the situation and requires a redefinition 
of these operators in a way similar to the one known as the normal ordering [1, 3, 11, 12], 
which is its special case. Some natural assumptions reduce the former to the letter one; in 
particular, in that way are excluded the paracommutation relations. However, this does not 
reduce the possible commutation relations to the canonical ones. Further, the requirement 
to be available an effective procedure for calculating vacuum mean (expectation) values, to 
which reduce all predictable results in the theory, puts new restriction, whose only realistic 
solution at the time being seems to be the standard canonical (anti)commutation relations. 

The layout of the work is as follows. 

Sect. [2] gives an idea of the momentum picture of motion and discusses the relations 
between the creation and annihilation operators in it and in Heisenberg picture. In Sect. [3] 
are reviewed some basic results from [13-15], part of which can be found also in papers like [1, 
3,11,12]. In particular, the explicit expression of the dynamical variables via the creation 

^ In this paper we considered only the Lagrangian (canonical) quantum field theory in which the quantum 
fields are represented as operators, called field operators, acting on some Hilbert space, which in general 
is unknown if interacting fields are studied. These operators are supposed to satisfy some equations of 
motion, from them are constructed conserved quantities satisfying conservation laws, etc. From the view-point 
of present-day quantum field theory, this approach is only a preliminary stage for more or less rigorous 
formulation of the theory in which the fields are represented via operator-valued distributions, a fact required 
even for description of free fields. Moreover, in non-perturbative directions, like constructive and conformal 
field theories, the main objects are the vacuum mean (expectation) values of the fields and from these are 
reconstructed the Hilbert space of states and the acting on it fields. Regardless of these facts, the Lagrangian 
(canonical) quantum field theory is an inherent component of the most of the ways of presentation of quantum 
field theory adopted explicitly or implicitly in books like [1-8]. Besides, the Lagrangian approach is a source 
of many ideas for other directions of research, like the axiomatic quantum field theory [3,7,8]. 

Ordinary [3,11], the commutation relations are postulated and the validity of the Heisenberg relations is 
then verified. We follow the opposite method by postulating the Heisenberg equations and, then, looking for 
commutation relations that are compatible with them. 



and annihilation operators are presented (without assuming some commutation relations or 
normal ordering) and it is pointed to the existence of a family of such variables for a given 
system of Euler-Lagrange equations for free fields. The last fact is analyzed in Sect. HI 
where a number of its consequences, having a sense of commutation relations, are drawn. 
The Heisenberg relations and the commutation relations between the dynamical variables 
are reviewed and analyzed in Sect. O It is pointed that the letter should be consequences 
from the former ones. Arguments are presented that the Heisenberg equation concerning 
the angular momentum operator should be split into two independent ones, representing its 
'orbital' and 'spin' parts, respectively. 

Sect. [6] contains a method for assigning commutation relations to the Heisenberg equa- 
tions. It is shown that the Heisenberg equation involving the 'orbital' part of the angular 
momentum gives rise to a differential, not algebraic, commutation relation and the one con- 
cerning the 'spin' part of the angular momentum implies a complicated integro-differential 
connections between the creation and annihilation operators. Special attention is paid to 
the paracommutation relations, whose particular kind are the ordinary ones, which ensure 
the validity of the Heisenberg equations concerning the momentum operator. Partially is 
analyzed the problem for compatibility of the different types of commutation relations de- 
rived. It is proved that some generalization of the paracommutation relations ensures the 
fulfillment of all of the Heisenberg relations. 

Sect. is devoted to consequences from the commutation relations derived in Sect. [6] 
under the conditions for uniqueness of the dynamical variables presented in Sect. HI Gen- 
erally, these requirements are incompatible with the commutation relations. To overcome 
the problem, it is proposed a redefinition of the dynamical variables via a method similar to 
(and generalizing) the normal ordering. This, of course, entails changes in the commutation 
relations, the new versions of which happen to be compatible with the uniqueness conditions 
and ensure the validity of the Heisenberg relations. 

The concept of the vacuum is introduced in Sect. [HI It reduces (practically) the redefini- 
tion of the operators of the dynamical variables to the one obtained via the normal ordering 
procedure in the ordinary quantum field theory, but, without additional suppositions, does 
not reduce the commutation relations to the standard bilinear ones. As a last step in specify- 
ing the commutation relations as much as possible, we introduce the requirement the theory 
to supply an effective way for calculating vacuum mean values of (anti-normally ordered) 
products of creation and annihilation operators to which are reduced all predictable results, 
in particular the mean values of the dynamical variables. The standard bilinear commutation 
relation seems to be the only ones know at present that survive that last condition, however 
their uniqueness in this respect is not investigated. 

Sect. El deals with the same problems as described above but for systems containing at 
least two different quantum fields. The main obstacle is the establishment of commutation 
relations between creation/annihilation operators concerning different fields. Argument is 
presented that they should contain commutators or anticommutators of these operators. 
The major of corresponding commutation relations are explicitly written and the results 
obtained turn to be similar to the ones just described, only in 'multifield' version. 

Section [10] closes the paper by summarizing its main results. 

The books [1-3] will be used as standard reference works on quantum field theory. Of 
course, this is more or less a random selection between the great number of (text)books and 
papers on the theme to which the reader is referred for more details or other points of view. 
For this end, e.g., [4,12,19] or the literature cited in [1-4,12,19] may be helpful. 

Throughout this paper h denotes the Planck's constant (divided by 27r), c is the velocity of 
light in vacuum, and i stands for the imaginary unit. The superscripts f and T mean respec- 
tively Hermitian conjugation and transposition (of operators or matrices), the superscript * 



denotes complex conjugation, and the symbol o denotes compositions of mappings/operators. 

By 6fg, or 5^ or S^^ (:= 1 for f = g, := for / = g) is denoted the Kronecker J-symbol, 
depending on arguments / and g, and d"'{y), y G M", stands for the n-dimensional Dirac 
(5-function; 6{y) := 6^{y) for y e M. 

The Minkowski spacetime is denoted by M . The Greek indices run from to dim M — 1 = 
3. All Greek indices will be raised and lowered by means of the standard 4-dimensional 

Lorentz metric tensor rj'^'^ and its inverse rjf^i, with signature (+ — ). The Latin indices 

a,b, . . . run from 1 to dim M — 1 = 3 and, usually, label the spacial components of some 
object. The Einstein's summation convention over indices repeated on different levels is 
assumed over the whole range of their values. 

At last, we ought to give an explanation why this work appears under the general title 
"Lagrangian quantum field theory in momentum picture" when in it all considerations are 
done, in fact, in Heisenberg picture with possible, but not necessary, usage of the creation and 
annihilation operators in momentum picture. First of all, we essentially employ the obtained 
in [13-15] expressions for the dynamical variables in momentum picture for three types of 
Lagrangians. The corresponding operators in Heisenberg picture, which in fact is used in this 
paper, can be obtained via a direct calculation, as it is partially done in, e.g., [1] for one of 
the mentioned types of Lagrangians. The important point here is that in Heisenberg picture 
it suffice to be used only the standard Lagrangian formalism, while in momentum picture one 
has to suppose the commutativity between the components of the momentum operator and 
the validity of the Heisenberg relations for it (see below equations (j2.6p and (j2.7p ). Since for 
the analysis of the commutation relations we intend to do the fulfillment of these relations is 
not necessary (they are subsidiary restrictions on the Lagrangian formalism), the Heisenberg 
picture of motion is the natural one that has to be used. For this reason, the expression for the 
dynamical variables obtained in [13-15] will be used simply as their Heisenberg counterparts, 
but expressed via the creation and annihilation operators in momentum picture. The only 
real advantage one gets in this way is the more natural structure of the orbital angular 
momentum operator. As the commutation relations considered below are algebraic ones, it 
is inessential in what picture of motion they are written or investigated. 

2. The momentum picture 

Since the momentum picture of motion will be used only partially in this work, below is 
presented only its definition and the connection between the creation/annihilation operators 
in it and in Heisenberg picture. Details concerning the momentum picture can be found 
in [20,21] and in the corresponding sections devoted to it in [13-15]. 

Let us consider a system of quantum fields, represented in Heisenberg picture of motion 
by field operators (pi{x): ^ i = 1, . . . ,n & N, acting on the system's Hilbert space 
J- of states and depending on a point x in Minkowski spacetime M . Here and henceforth, 
all quantities in Heisenberg picture will be marked by a tilde (wave) "~" over their kernel 
symbols. Let denotes the system's (canonical) momentum vectorial operator, defined via 
the energy-momentum tensorial operator T^'^ of the system, viz. 





x"=const 



Since this operator is Hermitian, Vji = P^, the operator 





where xq G M is arbitrarily fixed and x G mH is unitary, i.e. U^{xo,x) := {U{x,Xo))^ = 
U~^{x,xo) := {U{x,xo))'^ and, via the formulae 

X ^ X{x) = U{x,xo){X) (2.3) 
A{x) ^ A{x) = U{x,xo) o {A{x)) o U'^{x,xq), (2.4) 

realizes the transition to the momentum picture. Here A" is a state vector in system's Hilbert 
space of states and A{x) : !F ^ !F is (observable or not) operator- valued function of x G M 
which, in particular, can be polynomial or convergent power series in the field operators 
'f>i{x); respectively X{x) and A{x) are the corresponding quantities in momentum picture. 
In particular, the field operators transform as 

(pi{x) ^ Lpi{x) = U{x,xo) o (^j(x) o U^^{x,xo). (2.5) 

Notice, in (12. 2p the multiplier (x^ — Xq) is regarded as a real parameter (in which is 
linear). Generally, X(x) and A{x) depend also on the point xq and, to be quite correct, one 
should write X{x,xo) and A{x,xo) for X{x) and A{x), respectively. However, in the most 
situations in the present work, this dependence is not essential or, in fact, is not presented 
at all. For that reason, we shall not indicate it explicitly. 

The momentum picture is most suitable in quantum field theories in which the compo- 
nents of the momentum operator commute between themselves and satisfy the Heisenberg 
relations/equations with the field operators, i.e. when and ipi{x) satisfy the relations: 

[V^,Vul = (2.6) 
[ifiix), Vfj]_ = \hd^(pi{x). (2.7) 

Here [A, B]± := A o B ± B o A, o being the composition of mappings sign, is the commuta- 
tor/anticommutator of operators (or matrices) A and B. 

However, the fulfillment of the relations (|2.6p and ()2.7p will not be supposed in this paper 
until Sect. El (see also Sect. E]). 

Let af{k) and al^{k) be the creation/annihilation operators of some free particular field 
(see Sect. [3] below for a detailed explanation of the notation). We have the connections 

af (k) = e^^''^''^^U-\x,xo) oaf {k)o Uix,xo) 1 ^ 
at±(fc) = e^ii^^'^" U-\x, xq) o al^{k) o U{x, xq) J 



whose explicit form is 



a±(fc)=e±i^-o^'^a±(fc) \ / , „ 



(2.9) 



Further it will be assumed af{k) and aj^(fc) to be defined in Heisenberg picture, indepen- 
dently of a^(fc) and aj^(fc), by means of the standard Lagrangian formalism. What concerns 
the operators af{k) and aj^(fc), we shall regard them as defined via (|2.9p : this makes them 
independent from the momentum picture of motion. The fact that the so-defined operators 
af{k) and al^{k) coincide with the creation/annihilation operators in momentum picture 
(under the conditions ()2.6p and p.Zp ) will be inessential in the almost whole text. 



^ The notation xo, for a fixed point in M, should not be confused with the zeroth covariant coordinate 
r)o^x^ of X which, following the convention Xi, :— t]vi_iX'^, is denoted by the same symbol xq. From the context, 
it will always be clear whether xq refers to a point in M or to the zeroth covariant coordinate of a point 
X £ M. 



3. Lagrangians, Euler-Lagrange equations 
and dynamical variables 

In [13-15] we have investigated the Lagrangian quantum field theory of respectively scalar, 
spin ^ and vector free fields. The main Lagrangians from which it was derived are respectively 
(see loc. cit. or, e.g. [1,3,11,12]): 

(3.1a) 

^.hr.i iV (x^C-'^^^' o (8.. ih(x)) 



{d^ V'^(ar))C- V o V'(2;)} + mc^ V'^(x)C-^ o ^{x) 



' 1 + t{U) ^ 



1 + r(6/) 



(3.1b) 



(3.1c) 



Here it is used the following notation: (p{x) is a scalar field, a tilde (wave) over a symbol 
means that it is in Heiscnberg picture, the dagger f denotes Hermitian conjugation, ip : = 

(V'O) V'l) V'2) V's) is a 4-spinor field, := C ijj := C{'ip^^^) is its charge conjugate with 7^ 
being the Dirac gamma matrices and the matrix C satisfies the equations C~^j'^C = — 7^^ 
and = — C, is a vector field, m is the field's mass (parameter) and the function 

I 1 for = A (Hermitian operator) 
t[A) := < , . . , (3-2) 

I for A* ^ A (non-Hermitian operator) 

with A: ^ being an operator on the systems Hilbert space of states, takes care of 
is the field charged (non-Hermitian) or neutral (Hermitian, uncharged). Since a spinor field 
is a charged one, we have r( ■0) = 0; sometimes below the number = r( ■;/') will be written 
explicitly for unification of the notation. 

We have explored also the consequences from the 'charge conjugate' Lagrangians 

C':,{0,^^):= C',,{0l<p) (3.3a) 

'C^'p= 'C^'p(V;J):= J^'spii,^^) (3.3b) 
4' = 4'(W, Wt) := 4(Wt, U), (3.3c) 

as well as from the 'charge symmetric' Lagrangians 

£Z = CZi'P, ^^) := liC'sc + ^'D = li^M, V^) + ^M^, V)} (3.4a) 
4'; = £-(^, ^) := l(4p + 4;) = l{Ci^{i>, h + C'^^Ci', i')] (3.4b) 
4" = 4"(Z^, Z^t) := 1 (4 + Z;;) = 1 1 4(z^, z^t) + t',^u\ U)]. (3.4c) 

It is essential to be noted, for a massless, m = 0, vector field to the Lagrangian formalism 
are added as subsidiary conditions the Lorenz conditions 

d^^U^ = ^ d^ul = ^ (3.5) 



on the solutions of the corresponding Euler-Lagrange equations. Besides, if the opposite is 
not stated exphcitly, no other restrictions, hke the (anti)commutation relations, are supposed 
to be imposed on the above Lagrangians. And a technical remark, for convenience, the fields 

'ip and U and their charge conjugate (p\ ^ and u\ respectively, are considered as 
independent field variables. 

Let C denotes any one of the Lagrangians (|3.ip and C" (resp. C") the corresponding 
to it Lagrangian given via ()3.3p (resp. ()3.4p ). Physically the difference between C and C" is 
that the particles for C are antiparticles for C" and vice versa. Both of the Lagrangians C 
and C" are not charge symmetric, i.e. the arising from them theories are not invariant under 
the change particle<->antiparticle (or, in mathematical terms, under some of the changes 

(f 'ip <^ ijj, Li U^) unless some additional hypotheses are made. Contrary to 

this, the Lagrangian C" is charge symmetric and, consequently, the formalism on its base 
is invariant under the change particle<->antiparticle0 

The Euler-Lagrange equations for the Lagrangians C, C" and C" happen to coin- 
cide [13-15] E 



^_A_ ( \ = ^ _ A_ ( \ = ^IlL _ A_ ( \ - f3 61 

dx dxf^\d{d^x)^ dx dxf^\d{d^x)'' dx 5x^V5(5^x)^ ' 



where x = '^j '^^ "0) "01 ^or respectively scalar, spinor and vector field. 

Since the creation and annihilation operators are defined only on the base of Euler-La- 
grange equations [1,3,11-15], we can assert that these operators are identical for the La- 
grangians C" and £,"'. We shall denote these operators by af{k) and al^{k) with the 
convention that af{k) (resp. oj^(fc)) creates a particle (resp. antiparticle) with 4-momen- 
tum (V m^c^ + k'^,k), polarization s (see below) and charge {—q) (resp. (+(7)j£| and aj (fc) 
(resp. aj{k)) annihilates/destroys such a particle (resp. antiparticle). Here and henceforth 
S is interpreted as (anti)particle's 3-momentum and the values of the polarization index 
s depend on the field considered: s = 1 for a scalar field, s = 1 or s = 1,2 for respectively 
massless (m = 0) or massive (m ^ 0) spinor field, and s = 1,2,3 for a vector fieldlll Since 
massless vector field's modes with s = 3 may enter only in the spin and orbital angular mo- 
menta operators [15], we, for convenience, shall assume that the polarization indices s,t, . . . 
take the values from 1 to 2j + 1 — 5om(l — ^oj), where j = 0, |, 1 is the spin for scalar, spinor 
and vector field, respectively, and 6om := 1 for m = and Som '■= for m / oH if the value 
s = 3 is important when j = 1 and m = 0, it will be commented/considered separately. Of 
course, the creation and annihilation operators are different for different fields; one should 
write, e.g., jO-fik) for af{k), but we shall not use such a complicated notation and will 
assume the dependence on j to be an implicit one. 



* Besides, under the same assumptions, the Lagrangian does not admit quantization via anticommu- 
tators (commutators) for integer (half-integer) spin field, while £' and £" do not make difference between 
integer and half-integer spin fields. 

^ Rigorously speaking, the Euler-Lagrange equations for the Lagrangian are identities like = — 

see [22]. However, bellow we shall handle this exceptional case as pointed in [14]. 
® For a neutral field, we put q = 0. 

^ For convenience, in [f4], we have set s = if m = and s = f , 2 if m 7^ for a spinor field. For a massless 
vector field, one may set s = 1, 2, thus eliminating the 'unphysical' value s — 3 for m — — see [1, 11, 15]. 
In [13], for a scalar field, the notation f^ik) and ipl^{k) is used for (fe) and a|*(fc), respectively. 

* In this way the case {j,s,m) = (1,3,0) is excluded from further considerations; if {j,m) = (1,0) and 
q — 0, the case considered further in this work corresponds to an electromagnetic field in Coulomb gauge, 
as the modes with s = 3 are excluded [15]. However, if the case {j,s,m) = (1,3,0) is important for some 
reasons, the reader can easily obtain the corresponding results by applying the ones from [15]. 



The following settings will be frequently used throughout this chapter: 



for scalar field f 

for g = (neutral (Hermitian) field) 



^ for spinor field r := 
1 



for Q' 7^ (charged (non-Hermitian) field) 



1 for vector field ^ (3.7) 

1+1 for integer j (bose fields) 
1—1 for half-integer j (fermi fields) 

\A,B\±:={A,B\^x--= AoB±Bo A, (3.8) 

where A and B are operators on the system's Hilbcrt space T of states. 

The dynamical variables corresponding to CJ' and L'" are, however, completely dif- 
ferent, unless some additional conditions arc imposed on the Lagrangian formalism [13-15]. 
In particular, the momentum operators charge operators Q*^, spin operators and 
orbital operators Z^^, where a; = i,n.,ni, for these Lagrangians are [13-15]: 

2j+l-5om(l-<5oj) 
s=l 



(3.9a) 



2j + l-<Som{l-5oj) 



V: 



" l + T 



1 



s / 



2i+l-<5om(l-5oj) 

E 



(3.9b) 



^ ' s=l 

(3.9c) 

2j+l-5om(l-<5oj) 

Q' = +q J d'k{al + ik) o aj{k) - eat-(fe) o a+(fe)} 



"s \ J s 

s = l 

2j + l-5om(l-Soj) 

Q" = -q J2 / d^k{atik)oal-{k)-ea;ik)oal + {k)} 
2i+l-5o™(l-<5oj) 

Q'" = -g ^ J d'k{[al^ik),aJik)],-[at{k),al-{kM 

^ / E / d3fe{a-''-(fe)at + (fc)oa;(fe) 

+ <;'+(fc)at-(fe)oa+(fe)} 

._,xj_l/2 -f- 2i+l-<5om(l-<5ij) 
s,s'=l 

+ <'-(fcK-Wo4+(fc)} 

^ ^ ^ E / d3fc{<J'-(fe)[ar(fc),a;'(fc)]. 

+ <:'+(fc)[at-(fc),a+(fe)]4 



2(1 + r) 



(3.10a) 
(3.10b) 
(3.10c) 

(3.11a) 
(3.11b) 
(3.11c) 



+ 



1 + T 



2j+l-5om(l-5ij) 

E 

s,s'=l 



d?k{l';y{k)a\ + {k)oa-,{k) 
+ /-'+(fc)at-(fc)oa+(fc)} 



+ 



2(1 +t) 



2i+l-5om(l-5oj) 

E 

y < 



(3.12a) 



eal {k)(k,,-^-k 



dk^' 



d-^k 



o a. 



{al + (fc)(; 



'dk'- 



ky 



d 
dki' 



a, {k) 



(fc)} 



+ e 



1 + r 



2j + l-<5om(l-5lj) 

E 

s,s'=l 



d'k{l%^+{k)a+{k)oal-{k) 
+ /-'-(fc)a;(fe)oat + (fc)} 



+ 



2(1 + t) 



2i+l-<5om(l-5oj) 

E 



5 



d 



d 
dki' 



<5?k[at{k)[k,^^ 
(fc)} 



'5^ 



(3.12b) 



o a 



+ 



2(1 + r) 



2i+l-(5om(l-5ij) 

E 

s,s'=l 



<i^k{l%'-{k)[a\ + {k),a-{k% 
+ Z-'+(fc)[at-(fc),a+(fc)]4 



+ 



2i+l-5o™(l-<5oj) 



4(1 +t) 



(3.12c) 



ea, (fc)(fc, 



9 



d 



dk^ dkt" 



o a 



d 



d 



< >■ <- 



/ 9 
eal-ik)(kf,— -k 



d 

'^k^' 



o a. 



(fc)} 



Here we have used the following notation: (— l)"+i/2 — (_i)"-i for all n £ N and i := 
' ' dB{k)\ 



dA{k) 

' dk" 



B{k)+[A{k)ok^ 



dk'- 



i > 

k^[A{k)—oBik)) (3.13) 



for operators A{k) and B{k) having dependence on kE and affu' {k) and /^t' {k) are 

® More generally, if uj : {T J-} {J- J-} is a mapping on the operator space over the system's Hilbert 

space, we put Aui o B := —ijj{A) o B + Ao uj(B) for any A,B: T ^ T . Usually [2, 12], this notation is used 
for UJ = da- 



some functions of k such thai 
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'-(fc) = 




jss' , 


-(fc) = 


rss',+ 

''fJ.U 



fc) = for J = (scalar field) 

(3.14) 

+ (fc) =: a- (fc) = -a^J(fc) = -ai'^ (k) for j = 1 (vector field) 
(k) =: l%{k) = -I'^^ik) = -l%{k) for j = 1 (vector field). 

A technical remark must be make at this point. The equations (I3.9p - ()3.12|) were de- 
rived in [13-15] under some additional conditions, represented by equations (j2.6p and (j2.7p . 
which are considered bellow in Sect. [5] and ensure the effectiveness of the momentum pic- 
ture of motion [21] used in [13-15]. However, as it is partially proved, e.g., in [1], when the 
quantities ()3.9|) ~ ()3.12p are expressed via the Heisenberg creation and annihilation operators 
(see ()2.9p ). they remain valid, up to a phase factor, and without making the mentioned 
assumptions, i.e. these assumptions are needless when one works entirely in Heisenberg pic- 
ture. For this reason, we shall consider (|3.9p - ()3.12|) as pure consequence of the Lagrangian 
formalism. 

We should emphasize, in ()3.1ip and ()3.12p with and oj = i^ii^in^ are denoted 
the spin and orbital, respectively, operators for ^ which are the spacetime-independent 
parts of the spin and orbital, respectively, angular momentum operators [14,23]; if the last 
operators are denoted by S_^^ and C^^^ the total angular momentum operator of a system 
with Lagrangian is [23] 

= + = C^, + cS;^,, w = /, //, /// (3.15) 

and = S^, (and hence = C^,) iff is a conserved operator or, equivalently, iff 
the system's canonical energy-momentum tensor is symmetric^ 

Going ahead (see Sect. E]), we would like to note that the expressions (I3.9cp and, conse- 
quently, the Lagrangian C" are the base from which the paracommutation relations were 
first derived [16]. 

And a last remark. Above we have expressed the dynamical variables in Heisenberg picture 
via the creation and annihilation operators in momentum picture. If one works entirely in 
Heisenberg picture, the operators (12. 9p . representing the creation and annihilation operators 
in Heisenberg picture, should be used. Besides, by virtue of the equations 

(a±(fc))t = at^(fc) (at±(fc))t = a?(fc) (3.16) 
[at{k))^ = ~al^{k) {~al^{k)y = ~aj{k), (3.17) 

some of the relations concerning al^{k), e.g. the Euler-Lagrange and Heisenberg equations. 



are consequences of the similar ones regarding af{k). In view of ()2.9p . we shall consider ()3.9p - 
(j3.12p as obtained form the corresponding expressions in Heisenberg picture by making the 
replacements af{k) i— > af{k) and dl^{k) i— > al^{k). So, (|3.9p - (|3.12p will have, up to a 
phase factor, a sense of dynamical variables in Heisenberg picture expressed via the cre- 
ation/annihilation operators in momentum picture. 



For the explicit form of these functions, see [13-15]; see also equation (|6.57p below. 

In [14,23] the spin and orbital operators are labeled with an additional left superscript o, which, for brevity, 
is omitted in the present work as in it only these operators, not .S^^^ and will be considered. Notice, 

the operators and £!^^ are, generally, time-dependent while the orbital and spin ones are conserved, as 
a result of which the total angular momentum is a conserved operator too [14,23]. 



4. On the uniqueness of the dynamical variables 



Let T> = V^, Q, Sfj^u, Cfj_u denotes some dynamical variable, viz. the momentum, charge, 
spin, or orbital operator, of a system with Lagrangian C. Since the Euler-Lagrange equations 
for the Lagrangians C" and £."' coincide (see (|3.6|) ). we can assert that any field satisfying 
these equations admits at least three classes of conserved operators, viz. P', V" and V" = 
^ ( 1)'+ D") . Moreover, it can be proved that the Euler-Lagrange equations for the Lagrangian 

Ca,p--=aC' + I3C" a + p^O (4.1) 

do not depend on a, /3 G C and coincide with (13. 6p . Therefore there exists a two parameter 
family of conserved dynamical variables for these equations given via 

V^^p := aV + 13V" a + /3 ^ 0. (4.2) 

Evidently C" = Ci i and V" = Vi i . Since the Euler-Lagrange equations (13.61) are linear 

2 ' 2 2 ' 2 

and homogeneous (in the cases considered), we can, without a lost of generality, restrict the 
parameters q,/3 G C to such that 

a + p = l, (4.3) 

which can be achieved by an appropriate renormalization (by a factor (a-|-/?)~^/^) of the field 
operators. Thus any field satisfying the Euler-Lagrange equations (j3.6|) admits the family 
Va,i3, a + /? = 1, of conserved operators. Obviously, this conclusion is valid if in (14. 1|) we 
replace the particular Lagrangians C and C" (see (|3.ip and (j3.3p ) with any two Lagrangians 
(of one and the same field variables) which lead to identical Euler-Lagrange equations. How- 
ever, the essential point in our case is that C and C" do not differ only by a full divergence, 
as a result of which the operators Va^fs are different for different pairs (a,/3), a + P = lEl 
Since one expects a physical system to possess uniquely defined dynamical characteristics, 
e.g. energy and total angular momentum, and the Euler-Lagrange equations are considered 
(in the framework of Lagrangian formalism) as the ones governing the spacetime evolution of 
the system considered, the problem arises when the dynamical operators T>a^p, a + P = 1, are 
independent of the particular choice of a and /?, i.e. of the initial Lagrangian one starts off. 
Simple calculation show that the operators (j4.2p . under the condition (j4.3p . are independent 
of the particular values of the parameters a and P if and only if 

V' = V". (4.4) 

Some consequences of the condition(s) ()4.4p will be considered below, as well as possible ways 
for satisfying these restrictions on the Lagrangian formalism. 

Combining ()3.9p - ()3.12p with ()4.4|) . for respectively V = "P^, Q, 5^,^, C^y, we see that a 
free scalar, spinor or vector field has a uniquely defined dynamical variables if and only if 
the following equations are fulfilled: 

2i + l-<S0m(l-<50j) 

^ / ^^fe^A'lfcp^^ ^2,2+fc2 {Ql^(fc) "^rw 

- atik) o at-(fc) + eal-{k) o a+(fc)} = (4.5) 



Note, no commutativity or some commutation relations between the field operators and their charge (or 
Hermitian) conjugate are presupposed, i.e., at the moment, we work in a theory without such relations and 
normal ordering. 



2i+l-<5om(l-<5oj) 

q X 



s=l 

+ a+(fc) o at-(fc) - eat-(fc) o a+(fc)} = (4.6) 

2i + l-5om(l-5lj) 

J2 J «'-(fc)at+(fc) o a;,{k) - Ea%^-{k)a-{k) o al + {k) 

-ea';^'+{k)a+{k)oal-{k)+ap+{k)al-{k)oa+{k)}=0 (4.7) 



s,s'=l 



2i + l-5om(l-5lj) 



\ ~ ->-J / p 

/ d^fc {/-''-(fc)at + (fc) o a;(fc) - d-:'~(/c)a,-(fc) o at + (fc) 
- e/-'-+(fc)a+(fc) o at-(fc) + /-''+(fc)at-(fc) o a+(fc)} 

^2j+l-5om(l-5oj) ' ^ ' ^ ' ^ ' ^ 



(4.8) 



= 0. 



In ()4.6p is retained the constant factor q as in the neutral case it is equal to zero and, 
consequently, the equation (|4.6p reduces to identity. 

Since the Euler-Lagrange equations do not impose some restrictions on the creation and 
annihilation operators, the equations (|4.5p - (|4.8p can be regarded as subsidiary conditions 
on the Lagrangian formalism and can serve as equations for (partial) determination of the 
creation and annihilation operators. The system of integral equations ()4.5p - ()4.8p is quite 
complicated and we are not going to investigate it in the general case. Below we shall 
restrict ourselves to analysis of only those solutions of ()4.5p - ()4.8p . if any, for which the 
integrands in (j4.5p - (|4.8p vanish. This means that we shall replace the system of integral 
equations ()4.5|) - ()4.8p with respect to creation and annihilation operators with the following 
system of algebraic equations (do not sum over s and s' in (|4.12p and (j4.13p !): 

aj + (fe) o a7(fc) - ea-{k) o al + (fc) - a+(fe) o a\-{k) + ea\- {k) o a+(fe) = (4.9) 



a\ + {k) o a-{k) - ea^ik) o 4 + (fc) + a+(fc) o a\-{k) - ea\-{k) o a+(fc) = if g / 

(4.10) 

< > i > < < y 

- ^^9^) ° -sik)+eajik){k,^ - K^) o al^k) 

i > i y i > i y 

^tik){k,^-K^)oal-{k)-eal-{k){k,^-K^)oat{k)^^^^^ 

(4.11) 

E«'~(^)«I^(^) ° ^s'ik) - e<-(fc)a;(fc) o at + (fc) 

s,s' 

-£<'+(fc)a+(fe)oat-(fc)+a-''+(fc)at-(fc)oa+(fc)} = (4.12) 



^{/-' -(fc)at + (fc) o a;,{k) - el%^-{k)a-{k) o al + {k) 

s,s' 

- d';;'+{k)at,{k) o at-(fe) + i;i'+{k)al-{k) o a+(fc)} = (4.13) 

Here: s = 1, . . . , 2j + 1 - <5om(l - -^oj) in (^-^M and s, s' = 1, . . . , 2j/- + 1 - 5o™(l - 
Sij) in (lirT2|) and (Iil3]) . (Notice, by virtue of (f3?Ti]l . the equations (fi?T2]l and (fiTTSll are 
identically valid for j = 0, i.e. for scalar fields.) Since all polarization indices enter in (j4.5p 
and (|4.6|) on equal footing, we do not sum over s in (|4.9p - (|4.1ip . But in (|4.12p and (j4.13p 
we have retain the summation sign as the modes with definite polarization cannot be singled 
out in the general case. One may obtain weaker versions of (j4.9p - (|4.13p by summing in them 
over the polarization indices, but we shall not consider these conditions below regardless of 
the fact that they also ensure uniqueness of the dynamical variables. 

At first, consider the equations ()4.9|) - ()4.1ip . Since for a neutral field, q = 0, we have 
a|^(fc) = af{k), which physically means coincidence of field's particles and antiparticles, 
the equations ()4.9p - (l4.1ip hold identically in this case. 

Let consider now the case g / 0, i.e. the investigated field to be charged one. Using the 
standard notation (cf. ()3.8p ) 



[A,B]r^ := Ao B + r]B o A, (4.14) 
for operators A and B and r/ G C, we rewrite ()4.9p and ()4.10p as 

[al + {k),ai{k)U - [at{k),atik)U = gJl) 



[al + {k),ai{k)U + [at{k),al-{k)U = ii q ^ 0, glOl) 
which are equivalent to 

[al^{k),aJ{k)U = if 9/0. (4.15) 

Differentiating ()4.15p and inserting the result into (14. lip , one can verify that ()4.1ip is 
tantamount to 

{ [al + {k), [k^^ - K^) o aj{k) 



-e 



atiU).{k,-^-K-^)oal-lk)]Jl__^-^ = if,#0. (4.16) 

Consider now (j4.12p and (j4.13p . By means of the shorthand (j4.14p . they read 

j;{<;'-(fc)[at + (fc),a;(fc)]_, + <J'+(fc)[Gt-(fc),a+(fc)]_4=0 (4.17) 

s,s' 

E{^r^''"(^)[«^W'«s"(^)]- + ^^'^(^)[«^(^)'«^(^)]-}=0- (4-18) 

s,s' 

For a scalar field, j = 0, these conditions hold identically, due to (j3.14p . But for j ^ they 
impose new restrictions on the formalism. In particular, for vector fields, j = 1 and e = +1 
they are satisfied iff (see ()3.14p ) 

[al + {k),aJ,{k)U - [al-{k),a+{k)]~e - [«; + (/.), a; (fc)]-e + [alr{k) , af {k)U = 0- (4.19) 
One can satisfy ()4.17p and ()4.18p if the following generalization of (I4.15p holds 

[at±(fc),aj(fc)]_, = 0. (4.20) 



For spin j = | (and hence £ = —I - see ()3.7p ). the conditions (j4.12p and (|4.13p cannot 
be simphfied much, but, if one requires the vanishment of the operator coefficients after 
affu' (k) and ^^t' (fc), one gets 

at±(fc)oa^(fc) =0 j = ^ e = -l. (4.21) 

Excluding some special cases, e.g. neutral scalar field (^ = and j = 0), the equa- 
tions (j4.15p and (j4.2ip are unacceptable from many viewpoints. The main of them is that they 
are incompatible with the ordinary (anti) commutation relations (see, e.g., e.g. [1,11,12,18] 
or Sect, m in particular, equations (I6.13P bellow); for example, (I4.21|) means that the acts of 
creation and annihilation of (anti)particles with identical characteristics should be mutually 
independent, which contradicts to the existing theory and experimental data. 

Now we shall try another way for achieving uniqueness of the dynamical variables for 
free fields. Since in ()4.9p ~ (l4.13p naturally appear (anti)commutators between creation and 
annihilation operators and these (anti)commutators vanish under the standard normal or- 
dering [1,11,12,18], one may suppose that the normally ordered expressions of the dynamical 
variables may coincide. Let us analyze this method. 

Recall [1,3,11,12], the normal ordering operator J\f (for free field theory) is a linear 
operator on the operator space of the system considered such that to a product (composition) 
ci o • • • o c„ of n G N creation and/or annihilation operators ci, . . . c„ it assigns the operator 
{—l)fca-i o • • • Ca^- Here (ai, . . . , a„) is a permutation of (1, . . . , n), all creation operators 
stand to the left of all annihilation ones, the relative order between the creation/annihilation 
operators is preserved, and / is equal to the number of transpositions among the fermion 
operators (j = ^) needed to be achieved the just-described order ("normal order") of the 
operators ci o • • • o 

Cn in o • • • Ca„ 1 I In particular this means that 

M{atik)o4-{p))=at{k)oal-{p) M {4 + (k) o (p)) = al + (k) o (p) 
M{a;ik) o al + {p)) = eal + ip) o (k) AA(at-(fc) o a+(p)) = ea+ip) o at-(fc) (4.22) 

and, consequently, we have 

Af{[al^{k),af{p)U)=0 M{[at{k),al^{p)U)=0, (4.23) 

due to £ := (-1)^^' = ±1 (see ([SZl))- (In fact, below only the equalities (|i:22]) and (jl23|), 
not the general definition of a normal product, will be applied.) 

Applying the normal ordering operator to (j4.9ip . (j4.10ip . (j4.17p and (|4.18p . we, in view 



of (fOH]) . get the identity = 0, which means that the conditions ^TM), (filH]) . ([112]) 
and (|4.13p are identically satisfied after normal ordering. This is confirmed by the application 
of Af to (|3.9p and (|3.1Up . which results respectively in (see (|4.22p ) 



1 



2j+l-5om(l-5oj) 



1 + r 



E d'kk,\^^^r;^^{al + ik)oa;ik) + atik)oal-ik)} (4.24) 

s=l 



We have slightly modified the definition given in [1,3,11,12] because no (anti)commutation relations are 
presented in our exposition till the moment. In this paper we do not concern the problem for elimination of 
the 'unphysical' operators af{k) and a\^{k) from the spin and orbital momentum operators when j = 1; for 
details, see [15], where it is proved that, for an electromagnetic field, j — 1 and q = 0, one way to achieve this 
is by adding to the number / above the number of transpositions between af{k), s = 1,2, and a^{k) needed 
for getting normal order. 



2i+l-5om(l-<5oj) 



AA( Q') = AA( Q") = ^ y d3fc{al + (fe) o aJik) - a+(fc) o at-(fc)}. 

(4.25) 



Therefore the normal ordering ensures the uniqueness of the momentum and charge operators, 
if we redefine them respectively as 

^^-■^(^m) Q-=^iQ')- (4-26) 
Putting ujfj_u ■= k^-^ — ky-^ and using ()4.22p . one can verify that 

M{at{k)uj^ o a\'{k)) = a1:{k)uj^ o al'{k) 
M[al^{k)uj^ o ag{k)) = 4 + (fe)t^ o a';{k) 
M{aj{k)uj^ o aj + (fc)) = -eaj + (fc)a^ o aj{k) 
M{al~{k)uj^ o a+(fe)) = -ea+(fe)tJ^ o aj"(fc). 



(4.27) 



As a consequence of these equalities, the action of J\f on the l.h.s. of ()4.1ip vanishes. Com- 
bining this result with the mentioned fact that the normal ordering converts (j4.12p and (j4.13p 
into identities, we see that the normal ordering procedure ensures also uniqueness of the spin 
and orbital operators if we redefine them respectively as: 

S,u := AA(5;j := AA(5;'J = ^ 

2i+i-5om{i-5ij) (4.28) 
X d'k{a;i'-{k)al^{k)oa:,{k)+ea;i'^{k)at,{k)oal-{k)} 

s,s'=l 

4, := AA(4J := N{C%) = xo^^Pu - x^.V, + 

2j + l-5om(l-<5lj) 

X 



J d3fc{/-''-(fc)at + (fc) o a-ik) + e/-''+(fc)a+(fc) o at-(fc)} 

(4.29) 



s,s'=l 

2i+l-5om(l-<5oj) 



+ 2(if7) g 



+ 4(fc)(fe.^-A:.J^)oal-(fc)} 
where ()3.14p was applied. 



5. Heisenberg relations 

The conserved operators, like momentum and charge operators, are often identified with the 
generators of the corresponding transformations under which the action operator is invari- 
ant [1,3, 11, 12]. This leads to a number of commutation relations between the components 
of these operators and between them and the field operators. The relations of the letter 
set are known/referred as the Heisenberg relations or equations. Both kinds of commuta- 
tion relations are from pure geometric origin and, consequently, are completely external to 
the Lagrangian formalism; one of the reasons being that the mentioned identification is, in 



general, unacceptable and may be carried out only on some subset of the system's Hilbert 
space of states [23,24]. Therefore their validity in a pure Lagrangian theory is questionable 
and should be verified [11]. However, the considered relations are weaker conditions than 
the identification of the corresponding operators and there are strong evidences that these 
relations should be valid in a realistic quantum field theory [1,11]; e.g., the commutativity be- 
tween the momentum and charge operators (see below (|5.18p ) expresses the experimental fact 
that the 4- momentum and charge of any system are simultaneously measurable quantities. 

It is known [1,11], in a pure Lagrangian approach, the field equations, which are usually 
identified with the Euler-Lagrange,Lj are the only restrictions on the field operators. Besides, 
these equations do not determine uniquely the field operators and the letter can be expressed 
through the creation and annihilation operators. Since the last operators are left completely 
arbitrary by a pure Lagrangian formalism, one is free to impose on them any system of 
compatible restrictions. The best known examples of this kind are the famous canonical 
(anti) commutation relations and their generalization, the so-called paracommutation rela- 
tions [16,18]. In general, the problem for compatibility of such subsidiary to the Lagrangian 
formalism system of restrictions with, for instance, the Heisenberg relations is open and 
requires particular investigation [11]. For example, even the canonical (anti)commutation 
relations for electromagnetic field in Coulomb gauge are incompatible with the Heisenberg 
equation involving the (total) angular momentum operator unless the gauge symmetry of this 
field is taken into account [11, § 84]. However, the (para) commutation relations are, by con- 
struction, compatible with the Heisenberg relations regarding momentum operator (see [16] 
or below Subsect. 16. ip . The ordinary approach is to be imposed a system of equations on 
the creation and annihilation operators and, then, to be checked its compatibility with, e.g., 
the Heisenberg relations. In the next sections we shall investigate the opposite situation: 
assuming the validity of (some of) the Heisenberg equations, the possible restrictions on 
the creation and annihilation operators will be explored. For this purpose, below we briefly 
review the Heisenberg relations and other ones related to them. 

Consider a system of quantum fields (pi{x), i = 1, . . . , N £ N, where (pi{x) denote the 
components of all fields (and their Hermitian conjugates), and V^, Q and M.f_iu be its 
momentum, charge and (total) angular momentum operators, respectively. The Heisenberg 
relations/equations for these operators are [1,3,11,12] 

(5.1) 
(5.2) 

Xudi,(pi{x)} + ih'^ll,^^^i:{x). (5.3) 

i' 

Here: q = const is the fields' charge, e{(pi) = if = (^j, e{(pi) = ±1 if (p\ / (pi with 
e( (pi) +e( (p\) = 0, and the constants 1*^^, = —11^^ characterize the transformation properties 
of the field operators under 4-rotations. (If e((^i) 7^ 0, it is a convention whether to put 
e( (pi) = +1 or e{ ipi) = —1 for a fixed i.) 

We would like to make some comments on (15. 3p . Since its r.h.s. is a sum of two operators, 
the first (second) characterizing the pure orbital (spin) angular momentum properties of 
the system considered, the idea arises to split ()5.3p into two independent equations, one 
involving the orbital angular momentum operator and another concerning the spin angular 
momentum operator. This is supported by the observation that, it seems, no process is known 
for transforming orbital angular momentum into spin one and v. v. (without destroying the 

Recall, there are Lagrangians whose classical Euler-Lagrange equations are identities. However, their 
correct and rigorous treatment [22] reveals that they entail field equations which are mathematically correct 
and physically sensible. 



[(fiix), V^l 
\(pi{x), M^u]_ 



oxi^ 
e{(fi)qipi{x) 

ih{x^du<Pi{x) 



system). So one may suppose the existence of operators Ai'^,^ and Ai/ll such that 

[ipi{x), = ih{Xf,du^i{x) - x^df.'fiix)} (5.4) 

mx), M%1 = \hY,lU^Ax) (5.5) 
i' 

M,, = M°^, + Mf,. (5.6) 

However, as particular calculations demonstrate [5,14,15], neither the spin (resp. orbital) 
nor the spin (resp. orbital) angular momentum operator is a suitable candidate for A4^^ 
(resp. M°f^y)- If we assume the validity of ()5.ip . then equations ()5.4p and (15. 5p can be 
satisfied if we choose 

M°^Ax) = C-^i := x^V, - x,V^ (5.7) 
M'iS.{x) = A^iS(x) := M^, - = 4. + 4. - {x^ V, - X, V^} (5.8) 

with ^A^Jy satisfying (|5.3p . These operators are not conserved ones. Such a representation 
is in agreement with the equations (I3.12p . according to which the operator ()5.7p enters addi- 
tively in the expressions for the orbital operator|^ The physical sense of the operator (j5.7p 
is that it represents the orbital angular momentum of the system due to its movement as a 
whole. Respectively, the operator (j5.8p describes the system's angular momentum as a result 
of its internal movement and/or structure. 

Since the spin (orbital) angular momentum is associated with the structure (movement) 
of a system, in the operator ()5.8p are mixed the spin and orbital angular momenta. These 
quantities can be separated completely via the following representations of the operators 
A4°^ and ^A^|fu in momentum picture (when (j5.ip holds) 

M°^, = x^V,-x^V^+ C^l (5.9) 
M'^, = M^, - {x^ - x^ V^) - 0^1, (5.10) 

where describes the 'internal' orbital angular momentum of the system considered and 
depends on the Lagrangian we have started off. Generally said, is the part of the 

orbital angular momentum operator containing derivatives of the creation and annihilation 
operators. In particular, for the Lagrangians £" and (see Sect. [3]), the explicit forms 
of the operators (j5.9p and (|5.10p respectively are: 



2i+l-<5om(l-5oj) 



•fc -J I - -U/M\- -Ujy ^ pi pi 

+ 5(1^ E /d'*{''!*w(^.^-^.^) 



(5.11a) 



■'^^l_W —Xfl I u Xy I ^ 



2i+l-5o^(l-5(y) 



2(1 + ^) ^ J ^ 'ydk'^ "dki'J ' ' ' (5.11b) 



This is evident in the momentum picture of motion, in which stands for xo^ in (|3.12p — see [13-15] 
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4(1 + r) 



2j + l-5orr^il-SoJ) 
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a, (k) 
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'^'s-{k)(k,— -k^— 



o a. 



dkt' 



at-(fc) 



(5.11c) 



1 + T 



s,s'=l 



d3fc{(a-''-(fc) + /-''-(fe))at + (fc) o a;(fc) 

+ «;'+(fc)+/-''+(fc))at-(fc)oa+(fc)} 

(5.12a) 



_(_l).-i/2j-;, 



2j+l-<5om(l-5ij) 



1 + r 



s,s'=l 



^ / d3fc{«;'+(fc)+/-'+(fc))a+(fc)oat-(fc) 



+ Ki'-{k) + a%^- {k))a-,{k) o at + (fc)} 

(5.12b) 



2(1 + r) 



2i+l-<5om(l-5ij) 



s,s'=l 



^ / d3fc{«J'-(fc) + /-'-(fc))[at+(fc),a;(fc)], 



+ «:'+(fc) + l%^+{k))[al~{k),a^,{k)],}. 

(5.12c) 

Obviously (see Sect. [2]), the equations (j5.12p have the same form in Heisenberg picture in 
terms of the operators (j2.9p (only tildes over M. and a must be added), but the equa- 
tions (15. lip change substantially due to the existence of derivatives of the creation and 
annihilation operators in them [13-15]: 
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From (I5.13P and (15.120 is clear that the operators A^^^ and A^^*^ so defined are conserved 
(contrary to (j5.7|) and (|5.8|) ) and do not depend on the vahdity of the Heisenberg rela- 
tions (15. ip (contrary to expressions ()5.1ip in momentum picture). 

The problem for whether the operators (j5.12p and (j5.13p satisfy the equations (j5.4p 
and (15. 5|) . respectively, will be considered in Sect. El 

There is an essential diff'erence between ()5.4p and ()5.5p : the equation (j5.5p depends on 
the particular properties of the operators (fi{x) under 4-rotations via the coefficients 11^^^ 
(see (|5.25p below), while (j5.4p does not depend on them. This is explicitly reflected in (j5.1ip 
and (I5.12|] : the former set of equations is valid independently of the geometrical nature of the 
fields considered, while the latter one depends on it via the 'spin' ('polarization') functions 
crffu'^{k) and ^^t'^(fc)- Similar remark concerns (|5.3p . on one hand, and (j5.ip and (j5.2p . on 
another hand: the particular form of (15. 3p essentially depends on the geometric properties 
of (pi{x) under 4-rotations, the other equations being independent of them. 

It should also be noted, the relation (15. 3p does not hold for a canonically quantized 
electromagnetic field in Coulomb gauge unless some additional terms it its r.h.s., reflecting 
the gauge symmetry of the fleld, are taken into account [11, § 84]. 

As it was said above, the relations ()5.ip ~ ()5.3|) are from pure geometrical origin. However, 
the last discussion, concerning (|5.4p ~ (|5.8p . reveals that the terms in braces in (j5.3p should be 
connected with the momentum operator in the (pure) Lagrangian approach. More precisely, 
on the background of equations (j3.11ap - (j3.12cp . the Heisenberg relation (j5.3p should be 
replaced with 

which is equivalent to (15. 3p if ()5.ip is true. An advantage of the last equation is that it is valid 
in any picture of motion (in the same form) while (|5.3p holds only in Heisenberg picture 
Obviously, (l5TH) is equivalent to (f53]) with M'JFu defined by ifSlH]) . 

The other kind of geometric relations mentioned at the beginning of this section are 
connected with the basic relations defining the Lie algebra of the Poincare group [7, pp. 143- 
147], [8, sect. 7.1]. They require the fulfillment of the following equations between the com- 
ponents Vf^ of the momentum and M.fj,u of the angular momentum operators [3,5,7,8]: 

[^M'^-]- = (5-15) 
[M^,u, Vxl = -ih{r]x^V^-Vx^'Pf.)- (5-16) 

M>c^]. (5.17) 

We would like to pay attention to the minus sign in the multiplier (— i/i) in (j5.16p and (|5.17p 
with respect to the above references, where \fi stands instead of —\h in these equations. When 



In other pictures of motion, generally, additional terms in the r.h.s. of (|5.3p will appear, i.e. the functional 
form of the r.h.s. of (|5.3p is not invariant under changes of the picture of motion, contrary to (|5.14p . 



(a representation of) the Lie algebra of the Poincare group is considered, this difference in the 
sign is insignificant as it can be absorbed into the definition of Mf^u- However, the change 
of the sign of the angular momentum operator, Ai^u ^ —-M^iv, will result in the change 
\h ^ —ih in the r.h.s. of (j5.3p . This means that equations (|5.15|) . (j5.16p and (j5.3|) . when 
considered together, require a suitable choice of the signs of the multiplier ih in their right 
hand sides as these signs change simultaneously when Ai^u is replaced with —Ai^u- Since 
equations <\5.3h . (15.160 and ()5.17p hold, when Ai^u is defined according to the Noether's 
theorem and the ordinary (anti) commutation relations are valid [13-15], we accept these 
equations in the way they are written above. 

To the relations (|5.15p ~ (j5.17p should be added the equations [3, p. 78] 

[Q,r^.l = (5.18) 
[Q,Ai^,l = 0, (5.19) 

which complete the algebra of observables and express, respectively, the translational and 
rotational invariance of the charge operator Q; physically they mean that the charge and 
momentum or the charge and angular momentum are simultaneously measurable quantities. 

Since the spin properties of a system are generally independent of its charge or momentum, 
one may also expect the validity of the relationJ^ 

[S^,„V^l = (5.20) 
[S^u,Ql = 0. (5.21) 

But, as the spin describes, in a sense, some of the rotational properties of the system, 
equality like [Sf^^, Cj^x]_ = is not likely to hold. Indeed, the considerations in [13-15] reveal 
that ()5.20p and (j5.2ip . but not the last equation, are true in the framework of the Lagrangian 
formalism with added to it standard (anti)commutation relations. Notice, if (I5.20p and ()5.2ip 
hold, then, respectively, (I5.16|) and ()5.19p are equivalent to 

[4-, Pxl = -Hmt^fu - muVf,). (5.22) 
[Q,C^ul = 0. (5.23) 

It is intuitively clear, not all of the commutation relations (I5.1P " ()5.3P and (I5.15p - ()5.2ip 
are independent: if V denotes some of the operators V^, Q, Ai^u, S^y or C^y and the 
commutators [ipi{x), P]_, z = 1, . . . , A^, are known, then, in principle, one can calculate the 
commutators [r( (^i(x), . . . , (f]\f{x)), P]_, where T{ipi{x), . . . , ipjy^x)) is, for example, any 
function/functional bilinear in ipi{x),... , (pn{x)] to prove this fact, one should apply the 
identity \A, B o C]_ = [A, B]_ o C + B o [A, C]_ a suitable number of times. In particular, if 
Vi and denote any two (distinct) operators of the dynamical variables, and [(pi{x), Vi]_ 
is known, then the commutator [2?i, I?2]_ can be calculated explicitly. For this reason, we 
can expect that: 

(i) Equation dEH) implies (l5l^ . (I5l6l) . (I5l8]l . (15:2(1 and ([5:22]) . 

(ii) Equation implies (lETHI) . (l539l) . (lOTI) . and (fOgll . 
(iii) Equation implies (f5T6]l . (f5T7p . and (l5T9l) . 

Besides, (15. 3p may, possibly, entail equations like (I5.17P with S or L for M, with an exception 
of Ai^u in the l.h.s., i.e. 

[S^x, Aifiu]. = -^h{v>cfiSxu - 'n\^lS^u - rj^cuSxiJ. + VxuS^cfi} 



Recall, S^ii, (resp. Cfj,u) is the conserved spin (resp. orbital) operator, not the generally non-conserved 
spin (resp. orbital) angular momentum operator [23]. 



The validity of assertions (i)-(iii) above for free scalar, spinor and vector fields, when respec- 
tively 



ifi{x) ^ (f{x), (p^x) if^^ ^ I^^ = e{ ip) = -e( (p^) = +1 (5.25a) 
(Pi{x) ^ tpix), V'(x) III^ ^ I^^u = = e(^) = -e{i}) = +1 (5.25b) 

^i{x) ^ U^ix), Ulix) 4, ^ /;^, = /t-^ = 5^r/,p - eiU^) = -e{Ul) = +1, 

(5.25c) 

where a^^ := ^[7'^,7^]_ with being the Dirac 7-matrices [1,25], is proved in [13-15], 
respectively. Besides, in loc. cit. is proved that equations ()5.24|) hold for scalar and vector 
fields, but not for a spinor field 1^ 

Thus, we see that the Heisenberg relations (I5.ip -( I5T3]) are stronger than the commutation 
relations (j5.15|) - (|5.23p . when imposed on the Lagrangian formalism as subsidiary restrictions. 



6. Types of possible commutation relations 

In a broad sense, by a commutation relation we shall understand any algebraic relation 
between the creation and annihilation operators imposed as subsidiary restriction on the 
Lagrangian formalism. In a narrow sense, the commutation relations are the equations (I6.13|) . 
with £ = —1, written below and satisfied by the bose creation and annihilation operators. As 
anticommutation relations are known the equations (16.130 . with e = +1, written below and 
satisfied by the fermi creation and annihilation operators. The last two types of relations 
are often referred as the bilinear commutation relations [18]. Theoretically are possible also 
trilinear commutation relations, an example being the paracommutation relations [16, 18] 
represented below by equations ()6.18p (or ()6.20p ). 

Generally said, the commutation relations should be postulated. Alternatively, they 
could be derived from (equivalent to them) different assumptions added to the Lagrangian 
formalism. The purpose of this section is to be explored possible classes of commutation 
relations, which follow from some natural restrictions on the Lagrangian formalism that are 
consequences from the considerations in the previous sections. Special attention will be paid 
on some consequences of the charge symmetric Lagrangians as the free fields possess such a 
symmetry [1,3,11,12]. 

As pointed in Sect [3l the Euler-Lagrange equations for the Lagrangians C" and C" 
coincide and, in quantum field theory, the role of these equations is to be singled out the 
independent degrees of freedom of the fields in the form of creation and annihilation operators 
a^(fc) and al^{k) (which are identical for C" and £"'). Further specialization of these 
operators is provided by the commutation relations (in broad sense) which play a role of field 
equations in this situation (with respect to the mentioned operators). 

Before proceeding on, we would like to simplify our notation. As a spin variable, s say, is 
always coupled with a 3-momentum one, k say, we shall use the letters I, m and n to denote 
pairs like / = {s,k), m = {t,p) and n = (r, q). Equipped with this convention, we shall write, 
e.g., af for af{k) and aj^ for al^{k). We set 6im '■= SstS^{k — p) and a summation sign like 
Y^i should be understood as Yls I ^^f^i where the range of the polarization variable s will 
be clear from the context (see, e.g., (I3.9p - (l3.12p ). 



The problem for the validity of assertions (i)-(iii) or equations (|5.24p in the general case of arbitrary 
fields (Lagrangians) is not a subject of the present work. 



6.1. Restrictions related to the momentum operator 

First of all, let us examine the consequences of the Heisenberg relation ()5.ip involving the 
momentum operator. Since in terms of creation and annihilation operators it reads [1,13-15] 



[at{k),V^]_ = Tk^at{k) [al^{k),V^l = Tk^a\^{k) ko = Vm^c^ + k\ (6.1) 



the field equations in terms of creation and annihilation operators for the Lagrangians p.l 
and ([33]) respectively are (see [13-15] or ([^1]) and i^M)): 
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± (1 + T)al^{k)6st6^{k - g)} d^g = 

± (1 + T)a±(fc),5,t<^3(^ - g)} d^g = 

1f^\g,=^ rn2c2+q2 {H'^{k),at{q)oal'{q)+eat{q)oal^{q)]_ 

± (1 + r)at±(fc)<5,t53(^ - g)} d^g = 
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(6.2a) 



(6.2b) 



(6.3a) 



(6.3b) 



(6.4a) 



(6.4b) 



where j and e are given via (j3.7p . the generalized commutation function [•,•]£ is defined 
by (j4.14p . and the polarization indices take the values 



s, t = 1, . . . , 2j + 1 - 5om(l - ^Oj) = < 



1 for j = or for j = \ and m = 

1 , 2 for 3 = \ and m 7^ or for j = 1 and m = . 
1, 2, 3 for j = 1 and m / 

(6.5) 

The "b" versions of the equations ()6.2P " ()6.4p are consequences of the "a" versions and the 
equalities 



{[A,B]^y = r,[A^,B% fov[A,B]^ = iiB,A]^ r/ = ±1. 
Applying ()6.2p - (j6.4p and the identity 

[A, BoC]_ = [A, B]ri oC -7]Bo[A, C]^ for rj = ±1 



(6.6) 
(6.7) 

(6.8) 



for the choice ij = 



— 1, one can prove by a direct calculation that 



where the operators "P^, Q, Sfj_y, C^^, and M.f_iu denote the momentum, charge, spin, 
orbital and total angular momentum operators, respectively, of the system considered and 
are calculated from one and the same initial Lagrangian. This result confirms the supposition, 
made in Sect.[5l that the assertion (i) before (j5.24p holds for the fields investigated here. 

Below we shall study only those solutions of ()6.2p - (l6.4p for which the integrands in them 
vanish, i.e. we shall replace the systems of integral equations (|6.2p - (j6.4p with the following 
systems of algebraic equations (see the above convention on the indices / and m and do not 
sum over indices repeated on one and the same level): 
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(6.12b) 



It seems, these are the most general and sensible trilinear commutation relations one may 
impose on the creation and annihilation operators. 

First of all, we should mentioned that the standard bilinear commutation relations, viz. [1, 
3,11-15] 

[af , a^] -£ = [aj ^,al^]_e = 

[af,at,]-s = {±lf^+'r5i^\dr [aj^^altU = (±1)'^'+V5z™ id^ 

[af ,al^]_s = [aj ^ , a^] _s = 

[aJ,al^U = {±lf'^'Si^\d^ [4^,ai]-e = {±lf'+'6i^\d^, (6.13) 

provide a solution of any one of the equations (|6.10p - (|6.12p in a sense that, due to (j3.7p 
and ()6.8p . with rj = —e any set of operators satisfying ()6.13p converts (l6.10P " ()6.12p into 
identities. 

Besides, this conclusion remains valid also if the normal ordering is taken into account, 
i.e. if, in this particular case, the changes alr7 ° i— > ea^ o aJn" and a~ o a- 



^ earn o a„ 



are made in ^^-^T^. 

Now we shall demonstrate how the trilinear relations (I6.12p lead to the paracommuta- 
tion relations. Equations (|6.12p can be 'split' into different kinds of trilinear commutation 
relations into infinitely many ways. For example, the system of equations 

[af, [a'^,al^]e] _ ± (1 + T)5imaf = (6.14a) 

[af, [a]^, a-],] „ ± (1 + T)5im4 = (6-14b) 

[a\^, [a+,at,-],]_ ± {I + T)5iraa\^ = (6.14c) 

[a\^, [at;^,aj,]_ ± [l + T)5ima\^ = (6.14d) 

provides an evident solution of (I6.12p . However, it is a simple algebra to be seen that 
these relations are incompatible with the standard (anti) commutation relations ()6.13p and. 



in this sense, are not suitable as subsidiary restrictions on the Lagrangian formahsm. For 
our purpose, the equations 
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and their Hermitian conjugate provide a solution of ()6.12p . which is compatible with (I6.13p . 
i.e. if (j6.13p hold, the equations (|6.15p are converted into identities. 

The idea of the paraquantization is in the following generalization of (I6.15P 

[aj, [a+ , al^]e] _ + 25ina^ = (6.16a) 

[a/", [a.|„+, a;^]e] _ + 2T(5,„a+ = (6.16b) 

K~' V4n^oli~]e\_ - 2T5ima~ = (6.16c) 

K"> [ait^a'js] _ - 25ima~ = (6.16d) 

which reduces to (j6.15p for n = m and is a generalization of (j6.13p in a sense that any set 
of operators satisfying ()6.13p converts (I6.16P into identities, the opposite being generally not 
valid0 

Suppose that the field considered consists of a single sort of particles, e.g. electrons or 
photons, created by h\ := and annihilated by 6; := a|~. Then the equation Hermitian 
conjugated to (|6.15ap reads 

[bi,[bl,bm]el = 26imh^. (6.17) 

This is the main relation from which the paper [16] starts. The basic paracommutation 
relations are [16-18,26]: 

[k, [bin, bn\e]. = 26imbn (6.18a) 

[bu[bmMel = ^- (6.18b) 

The first of them is a generalization (stronger version) of (j6.17p by replacing the second index 
m with an arbitrary one, say n, and the second one is added (by "hands") in the theory as 
an additional assumption. Obviously, (|6.18p are a solution of (j6.15p and therefore of (|6.12p 
in the considered case of a field consisting of only one sort of particles. 

The equations ()6.15p contain also the relativistic version of the paracommutation rela- 
tions, when the existence of antiparticles must be respected [18, sec. 18.1]. Indeed, noticing 
that the field's particles (resp. antiparticles) are created by b\ := (resp. c| := a\^) and 
annihilated by bi := a\~ (resp. q := aj), from (|6.15p and the Hermitian conjugate to them 
equations, we get 

[bh [b\n, bm]e]. = 25imbm [Q, [4n, Crn]s]. = 26imCm (6.19a) 

[b},[cln,Cm]£]_ = -2T6lmbla [c] , [bj^, bm]e]. = -2T6lmcln. (6.19b) 

Generalizing these equations in a way similar to the transition from (|6.17p to (|6.18p . we 
obtain the relativistic paracommutation relations as (cf. (I6.16P ) 

[bl, [bl, bn]el = '^^Imbn [bu [bm, bn]el = (6.20a) 

[q, [cJ„,C„]e]. = 2(5imC„ [ci,[Cm,Cn]s]. = (6.20b) 

[b], [cln^Cnh]. = -2T5inb\n [c], [b\^, bn\e\_ = -2x5^0]^. (6.20c) 

Other generalizations of (|6.15|l are also possible, but they do not agree with (|6.13|) . Moreover, it is easy 
to be proved, any other (non-trivial) arrangement of the indices in (|6.16|l is incompatible with (|6.13p . 



The equations (|6.20ap (resp. ()6.20bp ) represent the paracommutation relations for the field's 
particles (resp. antiparticles) as independent objects, while (I6.20cp describe a pure relativistic 
effect of some "interaction" (or its absents) between field's particles and antiparticles and 
fixes the paracommutation relations involving the 6;'s and q's, as pointed in [18, p. 207] 
(where bi is denoted by a/ and q by bi). The relations (I6.17|) and (I6.20p for e = +1 (resp. 
e = —1) are referred as the parabose (resp. parafermi) commutation relations [18]. This 
terminology is a natural one also with respect to the commutation relations (I6.16p . which 
will be referred as the paracommutation relations too. 

As first noted in [16], the equations ()6.13p provide a solution of (I6.20|) (or (IG.lSp in the 
nonrelativistic case) but the latter equations admit also an infinite number of other solutions. 
Besides, by taking Hermitian conjugations of (some of) the equations ()6.18p or ()6.20p and 
applying generalized Jacobi identities, like 

a[[A, B]^, C]r^ + ^7][[A, C7]_„/^, S]„„/^ - a^[[B, C]^^/a,A]if^ = / 

P[A, [B, ]_/37 + l[B, [C, ^],0, ]-^a + a[C, [A, B]^,].^.^ = q, /3, 7 = ±1 
[[A,BI„CU + [[B,C],„A]^ + [[C,A]^,B]^ = ?? = ±1 
[[A, B]^, [C, Dl,U = U, B]^, CU,Dl, + r^[[A, B]^, DU,C]y^ 7? / 0, 

one can obtain a number of other (para) commutation relations for which the reader is referred 
to [16,18,26]. 

Of course, the paracommutation relations ()6.16p . in particular (I6.18P and (I6.20p as their 
stronger versions, do not give the general solution of the trilinear relations (j6.12p . For 
instance, one may replace (I6.12p with the equations 

[a+, [al^,a:^]s + [a+ , 4"]^] _ + 2(1 + T)(5z„a+ = (6.22a) 
[a^, [al^,a-]s + [a^,al~]e]_ - 2(1 + t)^/™^ = 0. (6.22b) 

and their Hermitian conjugate, which in terms of the operators bi and ci introduced above 
read 

[bi, [bl, bn]e + [4, Cmhl = 2(1 + T)6imbn (6.23a) 

[q, [bin, bn]e + [cJri, Cm,]e]. = 2(1 + T)5lmCn, (6.23b) 

and supplement these relations with equations like ()6.18b[) . Obviously, equations ()6.16p con- 
vert (|6.22p into identities and, consequently, the (standard) paracommutation relations (j6.20p 
provide a solution of ()6.23p . On the base of (I6.23P or other similar equations that can be 
obtained by generalizing the ones in (j6.10p - (|6.12p . further research on particular classes of 
trilinear commutation relations can be done, but, however, this is not a subject of the present 
work. 

Let us now pay attention to the fact that equations (I6.10p , ()6.1ip and ()6.12p are generally 
different (regardless of existence of some connections between their solutions). The cause for 
this being that the momentum operators for the Lagrangians C, C" and C" are generally 
different unless some additional restrictions are added to the Lagrangian formalism (see 
Sect.H]). A necessary and sufficient condition for (|6.1Up - (j6.12p to be identical is 

[af , [al^, a J_e - [a+ , al^]-e]. = 0, (6.24) 



which certainly is valid if the condition (j4.9ip . viz 



[o-Jn^i Cfm]-e [^m'^m ]-e —0) (6.25) 



ensuring the uniqueness of the momentum operator are, holds. If one adopts the standard 
bihnear commutation relations (I6.13p . then ()6.25p . and hence (I6.24p . is identically valid, but 
in the framework of, e.g., the paracommutation relations (j6.16p (or (j6.20p in other form) the 
equations (j6.25p should be postulated to ensure uniqueness of the momentum operator and 
therefore of the field equations. 

On the base of (j6.10p or (|6.1ip one may invent other types of commutation relations, 
which will not be investigated in this paper because we shall be interested mainly in the 
case when (|6.1Up . (|6.1ip and (|6.12p are identical (see (|6.24p ) or, more generally, when the 
dynamical variables are unique in the sense pointed in Sect. HI 



6.2. Restrictions related to the charge operator 

The consequences of the Heisenberg relations ()5.2p , involving the charge operator for a charged 
field, q (and hence r = - see (|3.7p ). will be examined in this subsection. In terms of 
creation and annihilation operators it is equivalent to [1,13-15] 

[afik), Ql = qafik) [at±(fc), Q]. = -qal^{k), (6.26) 

the values of the polarization indices being specified by (j6.5p . Substituting here (j3.10p . we 
see that, for a charged field, the field equations for the Lagrangians C , £." and C" (see 
Sect.[3|) respectively are: 

2j + l-<5om(l-5oj) 



J2 / d'p{[afik),al + {p) o a;{p) - ea\- [p) o a+(p)]. - a^{k)5st5\k - p)} = 

(6.27a) 

d'p{[al^{k),al^{p) o a;ip) - eat{p) o a+(p)]. + al^{k)5stSHk - p)} = 

4 — 1 



2i+l-<5om(l-5oj) 



(6.27b) 



2i+l-<5om(l-5oj) 



^ J dM[atik),atip) o atip) - ea^ {p) o + (p)]. + at{k)5j\k - p)} = 

(6.28a) 

^ jd'p{[al^{k),at{p) o a\-{p) - ea^ {p) o a\^{p)l - al^{k)5st5\k - p)] = 



2i+l-<5om(l-<5oj) 



(6.28b) 



2j + l-5om(l-<5oj) 



2j+l-(5om{l-5oj) 



Jd'p{[at{k), [a| + (p),a,-(p)], - [a+(p), a| "(p),]. - 2at{k)5st5Hk-p)} = 

(6.29a) 

Y d'p{[al^{k),[al + ip),aT{p)]e-[atip),al-ip)sl + 2al^{k)6st5Hk-p)} = 0. 
t=i 

(6.29b) 

Using (j6.27p - (j6.29p and (j6.8p . with r/ = e = — 1, or simply (|6.26p . one can easily verify 
the validity of the equations 

[P..QI. = o [4..CL = o 
[V. 21- = 21- = ». 



where the operators "P^, Q, Sfj_y, C^j^u and M.fj.u are calculated from one and the same 
initial Lagrangian according to ()3.9p - ()3.12p . This result confirms the validity of assertion (ii) 
before (|5.24p for the fields considered. 

Following the above considerations, concerning the momentum operator, we shall now 
replace the systems of integral equations ()6.27p - (l6.29p with respectively the following stronger 
systems of algebraic equations (by equating to zero the integrands in (j6.27p - (|6.29p ): 





' °am 


- ea\^ o a+] 

- eom" ° a+] 


_ — ^Imaf — 

1 X t± 
_ + OimO/ = 




= 


(6.31a) 
(6.31b) 


[a^ , 




- ° flm^] 

- ° Art] 


J- ^ 
_ + Oimfl/ = 

s: t± 
_ - Oimfli = 




= 


(6.32a) 
(6.32b) 




1 "^mle 


— [a^, aj„ ]e] 

— [o.^, aj„ ]e] 


_ — '^5imaf = 


= 
= 0. 


(6.33a) 
(6.33b) 



These trilinear commutation relations are similar to (I6.10p - (|6.12p and, consequently, can be 
treated in analogous way. 

By invoking ()6.8p . it is a simple algebra to be proved that the standard bilinear commu- 
tation relations (j6.13p convert (|6.3ip - (|6.33p into identities. Thus ()6.13p are stronger version 
of ()6.3ip -( r6.33p and, in this sense, any type of commutation relations, which provide a 
solution of (j6.3ip - (j6.33p and is compatible with (j6.13p . is a suitable candidate for general- 
izing (I6.13p . To illustrate that idea, we shall proceed with (I6.33P in a way similar to the 
'derivation' of the paracommutation relations from (|6.12p . 

Obviously, the equations (cf. (I6.14p with r = 0, as now q ^ 0) 

[of, [a+ , al^]el + 6ima^ = (6.34a) 
[at, [alt, Om]e]- - Simati = (6.34b) 



and their Hermitian conjugate provide a solution of (I6.33p . but, as a direct calculations shows, 
they do not agree with the standard (anti)commutation relations (j6.13p . A solution of (|6.33p 
compatible with (|6.13p is given by the equations (I6.15p . with r = as the field considered is 
charged one — see (|3.7p . Therefore equations (j6.16p . with r = 0, also provide a compatible 
with ()6.13p solution of (I6.33|) . from where immediately follows that the paracommutation 
relations (j6.20p . with r = 0, convert (j6.33p into identities. To conclude, we can say that the 
paracommutation relations ()6.20p . in particular their special case (I6.13p . ensure the simul- 
taneous validity of the Heisenberg relations ()5.ip and (15. 2p for free scalar, spinor and vector 
fields. 

Similarly to (I6.22|) . one may generalize ()6.33p to 

[at, [alt', ^nh - [at, A'h] _ - '^^inat = (6.35a) 
h"' Wnt,a~]e - [a^,ai']e]_ - 26ima~ = 0. (6.35b) 

which equations agree with ()6.13p . (I6.15|) . (I6.16|) and ()6.20p . but generally do not agree 
with (j6.22p . with r = 0, unless the equations (|6.16p . with r = 0, hold. 

More generally, we can assert that (I6.33P and ()6.12p . with r = 0, hold simultaneously if 
and only if ()6.15p . with r = 0, is fulfilled. From here, again, it follows that the paracommu- 
tation relations ensure the simultaneous validity of (|5.ip and (j5.2p . 

Let us say now some words on the uniqueness problem for the Heisenberg equations 
involving the charge operator. The systems of equations (|6.3ip - (|6.33p are identical iff 

[at, [a]„+,a^]_e + [a+ , a|„"]_£] _ = 0, (6.36) 



which, in particular, is satisfied if the condition 



[«m > «m]-e + [«m' < ]-£ = 0> (6-37) 

ensuring the uniqueness of the charge operator (see ()4.10ip ). is valid. Evidently, equa- 
tions ()6.36p and (j6.24p are compatible iff 

[al, [al^,a^]-e]_ = [a^^, [al^,a^]-s]_ = (6.38) 

which is a weaker form of ()4.15p ensuring simultaneous uniqueness of the momentum and 
charge operator. 



6.3. Restrictions related to the angular momentum operator(s) 

It is now turn to be investigated the restrictions on the creation and annihilation operators 
that follow from the Heisenberg relations ()5.3p concerning the angular momentum operator. 
They can be obtained by inserting the equations (|3.1ip and (j3.12p into (j5.3p . As pointed 
in Sect. EJ the resulting equalities, however, depend not only on the particular Lagrangian 
employed, but also on the geometric nature of the field considered; the last dependence 
being explicitly given via (I5.25P and the polarization functions cr^t"^^{k) and lff,^"^^{k) (see 
also I^J^ ). 

Consider the terms containing derivatives in (15. 3p . 



C°^^:={h[x^—-x,— ]^i{x). (6.39) 



If i^JJi) denotes the Fourier image of (pi{x), i.e. 

g>i{x) = K f d'^ke-^'^'^'^^ik), (6.40) 



with A being a normalization constant, then the Fourier image of (j6.39p is 

d . d 



= ihi k^^ - ky^ ] ^.(k). (6.41) 



Comparing this expression with equations (I3.12p . we see that the terms containing derivatives 
in (j3.12p should be responsible for the term (|6.39p in (j5.3p l^ For this reason, we shall suppose 
that the momentum operator A^^jy admits a representation 

= + -^m' (6-42) 

such that the operators M!^^y and J^^v satisfy the relations (15. 4|) and ()5.5p . respectively. 
Thus we shall replace (j5.3p with the stronger system of equations (j5.4p - (j5.5p . Besides, 
we shall admit that the explicit form of the operators and J^^v are given via ()5.13p 
and (j5.12p for the fields investigated in the present work. 

Let us consider at first the 'orbital' Heisenberg relations (15. 4|] . which is independent 
of the particular geometrical nature of the fields studied. Substituting (j5.13p and (j6.40p 
into (|5.4p . using that (^.(±fc), with iP' = m^c^, is a linear combination of a^{k) with classical, 
not operator-valued, functions of k as coefficients [1,13-15] and introducing for brevity the 
operator 

d , d 



UJ 



dk'' '^^k^'' 



■^^ The terms proportional to the momentum operator in (|3.12p disappear if the creation and annihilation 
operators (|2.9p in Heisenberg picture are employed (see also [13-15]). 



we arrive to the following integro- differential systems of equations: 

2j + l-(5(),n(l-<50j) 



e~a\-{p) o ~a+{q)l))\^^^]\^^^^^^-^^ = 2(1 + rV^,(A:)(5±(fc)) (6.44a) 

I; ' j d3p{((-a;^,(p)+a;^,(g))([at±(fc),a| + (p)oa,-(q) 

ea^(p)oa+(q)].))|^^J|^^^^/^^^5^ = 2(l + rV^,(A;)(5t±(fc)) (6.44b) 



2j+l-5om(l-<5oj) 



2i+l-5om(l-'5oj) 



I '^M{i-^Ap)+^A'lM(>iik)rat{p)°a\ (q) 
t=i 

- ed^ip) o al + (q)].)) |p„=^^^2^ = 2(1 + r)^^,(fc)(a±(fe)) (6.45a) 

5om(l-<5oi) „ 

Y / d3p{((-a;^,(p)+a;,,,(g))([at±(fc),a+(p)oal-(q) 

- 6S,-(p) o al + (q)].)) 1^^^} l^^^y;;^^ = 2(1 + r)^^,(A:)(5t ±(fc)) (6.45b) 



2j+l-5om(l-<5oi) 



Y / d3p{((-o;^,(p) +a;^,(g))([a±(fc), [a| + (p), a-(q)], 

+ [a+(p),5|-(q)],].))|^^J|^^^^/^;^3^ = 4(1 +r)^^,(fc)(a±(fc)) (6.46a) 

E ^ / d'p{{i-^,Ap)+u^,AQm4^{k),[dl^{p\d^{q)]e 
t=i 

+ [a+(p),(ir(q)],].))|^^^}|^^^^^^^^5^ = 4(1 +T)a;^,(fc)(at±(fc)), (6.46b) 



2j+l-(5om(l-5()j) 



where ko = \/ m?c^ + is set after the differentiations are performed (see (j6.43p ). Follow- 
ing the procedure of the previous considerations, we replace the integro- differential equa- 
tions (|6.44P "- (|6.46p with the following differential ones: 
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2(l + r)5i„c^°,(/)(d±) (6.47a) 



2(1 + T)5z™a;° (/)(dj±) (6.47b) 



2{\-rT)bim<,{l){df) (6.48a) 



2(l + r)5i„c^° (O(dl^) (6.48b) 



{(-u;;,(m) +u;;,(n))([d|±, + [d+ , d^],].)} = 4(1 + r)<5,^^;,(/)(dj ±), 

(6.49b) 

where we have set (cf. (|6.43p ) 

a;°,(/) := u^^,[k) = k,-^ - k,-^ if I = {s, k) (6.50) 



and fco = a/ rn^c^ + k"^ is set after the differentiations are performed. 



Remark. Instead of (j6.47p - ()6.49p one can write similar equations in which the operator 
— a;°^,(m) or +a;°^(n) is deleted and the factor +^ or — ^, respectively, is added on their right 
hand sides. These manipulations correspond to an integration by parts of some of the terms 
in §M-^M- 

The main difference of the obtained trilinear relations with respect to the previous ones 
considered above is that they are partial differential equations of first order. 

The relations (I6.49P agree with the equations ()6.16p in a sense that if ()6.16p hold, 
then (|6.49p become identically valid. Indeed, since 



{(-^luim) + uj°^u{n)){d^6im)}\„^^ = +25,^a;°^(m)(a^), 

due to (|6.5Up . (|6.43p and the equality ^^r-fi^) = —^ix)^^ for a function /, the 
application of the operator (— ti;°^(m) + w°j^(n)) to ()6.16p and subsequent setting n = m 
entails (j6.49p . In particular, this means that the paracommutation relations (j6.20p and, 
moreover, the standard (anti)commutation relations (I6.13P convert (I6.49P into identities. 
Therefore the 'orbital' Heisenberg relations (|5.4p hold for scalar, spinor and vector fields 
satisfying the bilinear or para commutation relations. 

It should be noted, the paracommutation relations are not the only trilinear commutation 
relations that are solutions of (I6.49|) . As an example, we shall present the trilinear relations 

[a+, [a+,4"]e]_ = [a+, [al'^,a~]e]_ = -(1 + T)(5z„a+ (6.52a) 
[of, [a:^,al']s]_ = [of, [al^,a~]e]_ = +{1 + T)6imat, (6.52b) 

which reduce to (I6.14p for n = m, do not agree with ()6.13p . but convert ()6.49p into identities 
(see (|6.5ip ). Other example is provided by the equations (j6.22p . which are compatible with 
the paracommutation relations and, as a result of (I6.51|) . convert (I6.49|) into identities. Prima 
facie one may suppose that any solution of (|6.12p provides a solution of (|6.49p . but this is 
not the general case. A counterexample is provided by the commutation relations 

[af , [al^,a-]s + [a+ , 4"]^] _ ± 2(1 + T)5/„a^ = 0, (6.53) 

which reduce to (j6.12p for n = m, satisfy (j6.49p with a^^ for d^, and do not satisfy (j6.49p 
with d^ for (see (l63B and cf. <^Mil). 

From (j5.13p follows that the operator A^J^^ is independent of the Lagrangian C" or 
C" one starts off if and only if (see ()4.1ip ) 

{{-u;;,{m)+u,;,{n)){[dl^,d-U " [a+ , 4 } = 0. (6.54) 

This condition ensures the coincidence of the systems of equations (j6.47p , (j6.48p and (|6.49p 
too. However, the following necessary and sufficient condition for the coincidence of these 
systems is expressed by the weaker equations 

{(-^liuim) + u;°^^in)){[d^ , [dl^,d-]_s - [a+ , _) } = 0. (6.55) 



It is now turn to be considered the 'spin' Heisenberg relations ()5.5p . 

Recall, the field operators ipi for the fields considered here admit a representation [13-15] 



AE / d^p{vl'^{p)at{p) + v'r{p)at{p)}, (6.56) 



where A is a normalization constant and f*'^(p) are classical, not operator- valued, complex 



or real functions which are linearly independent. The particular definition of t;*'^(p) depends 



on the geometrical nature of ^pi and can be found in [13-15] (see also [1]), where the reader 
can find also a number of relations satisfied by f -'^(p). Here we shall mention only that 
v\'^{p) = 1 for a scalar field and v\'~^ {p) = v\'~ {p) =: vj{p) = {vj{p))* for a vector field. 

The explicit form of the polarization functions crffu'^{k) and (see Sect. El in 

particular ()3.14p ) through f -'^(fc) are [13-15]: 

< . < . (6-57) 

i 

with an exception that (TQ^'^(fc) = (T^Q'^(fc) = 0, a = 1,2,3, for a spinor field, j = |, [14]. 
Evidently, the equations (j3.14p follow from the mentioned facts (see also (|5.25|) ). 

Substituting ()6.56p and (I5.12|) into (15. 5p . we obtain the following systems of integral 
equations (corresponding respectively to the Lagrangians C" and £'"): 



^ l + r^ E / d'fc / dV*'^(p){«;'-(fc)+/^'-(fe))[ai^(p),ar(fc)oa;(fc)]. 

s,s' ,t 

+ «:'+(fc)+/-''+(fe))[a±(p),at-(fc)oa+(fc)].} = / dV^^f (p)a,±(p) (6.58) 

i' t 

E / / dV*'^(p){(<'+(fc) + /-'+(fc))[a±(p),a+(fe)oat-(fc)]. 



+ «;'-(fc)+/-''-(fc))[a±(p),a;(fc)oat + (fc)].} = ^5] / dV^^f (p)«^ (p) (6-59) 

i' t 

^2{l + T) E / / dV*'^(p){(<;'-(fe)+/-''-(fe))[G±(p),[at + (fc),a;(fc)],]_ 
+ «;'+(fe) + /-''+(fc))[a±(p),[at-(fc),G+(fc)],]_} = / dV^.4'^(p)a,±(p). 



(6.60) 



For the difference of all previously considered systems of integral equations, like (j6.2p - 
(1631), (|6:271) - (|6:29]) and ([Hliil^ - dOHl) . the systems (l638]) - (|6:6n]) cannot be replaced by ones 
consisting of algebraic (or differential) equations. The cause for this state of affairs is that 
in (|6.58p - (|6.6Up enter polarization modes with arbitrary s and s' and, generally, one cannot 
'diagonalize' the integrand(s) with respect to s and s'; moreover, for a vector field, the modes 
with s = s' are not presented at all (see (|3.14p l. That is why no commutation relations can 
be extracted from ()6.58p - (l6.60p unless further assumptions are made. Without going into 
details, below we shall sketch the proof of the assertion that the commutation relations (|6.16p 
convert (I6.60p into identities for massive spinor and vector fields^^ In particular, this entails 
that the paracommutation and the bilinear commutation relations provide solutions of ()6.60p . 

Let (I6.16P holds. Combining it with (I6.60|) . we see that the latter splits into the equations 



■^^ The equations (|6.58|l - (|6.60|l are identities for scalar fields as for them I^v ~ and v\''^{k) = 1, which 
reflects the absents of spin for these fields. 



1 + r ^ 



= E^t-E / dV-/+(p)a+(p) (6.61a) 

i' s 

^'l^r^ ^ / dV*'"(p){(<r(p) + ^;.r(p))+er(<j+(p)+/^*^+(p))}a7(p), 

= E4<^E /d>r(pK(p)- (6-6ib) 

Inserting here ()6.57p . we see that one needs the exphcit definition of v^'^{k) and formulae for 
sums hke Pii'{k) := Yls'^i'^(^)('^i'^(^))* ^ which are specific for any particular field and can 
be found in [13-15]. In this way, applying ()5.25l) . ()3.7p and the mentioned results from [13-15], 
one can check the validity of (j6.6ip for massive fields in a way similar to the proof of (j5.3p 
in [13-15] for scalar, spinor and vector fields, respectively. 

We shall end the present subsection with the remark that the equations (j4.17p and ()4.18p , 
which together with (|4.15|) ensure the uniqueness of the spin and orbital operators, are 
sufficient conditions for the coincidence of the equations (j6.58p . (j6.59p and (j6.60p . 



7. Inferences 

To begin with, let us summarize the major conclusions from Sect. El Each of the Heisenberg 
equations ()5.ip - (l5.3p . the equations ()5.3|) being split into (15. 4p and ()5.5p . induces in a natural 
way some relations that the creation and annihilation operators should satisfy. These rela- 
tions can be chosen as algebraic trilinear ones in a case of ()5.ip and ()5.2p (see (I6.10p - ()6.12p 
and (|6.3ip - (j6.33p . respectively). But for (j5.4p and (j5.5p they need not to be algebraic and 
are differential ones in the case of ()5.4p (see (I6.47p - (l6.49p ) and integral equations in the case 
of (|5.5p (see (|6.58p - (|6.60p ). It was pointed that the cited relations depend on the initial 
Lagrangian from which the theory is derived, unless some explicitly written conditions hold 
(see (j6.24p . (|6.37p and (j6.55p ): in particular, these conditions are true if the equations (j4.9p - 
(j4.13p . ensuring the uniqueness of the corresponding dynamical operators, are valid. Since 
the 'charge symmetric' Lagrangians ()3.4p seem to be the ones that best describe free fields, 
the arising from them (commutation) relations (|6.12p . (j6.33p . (|6.49p and (|6.6Up were stud- 
ied in more details. It was proved that the trilinear commutation relations ()6.16p convert 
them into identities, as a result of which the same property possess the paracommutation 
relations ()6.20p and, in particular, the bilinear commutation relations ()6.13p . Examples of tri- 
linear commutation relations, which are neither ordinary nor para ones, were presented; some 
of them, like ()6.14p . (I6.34p and ()6.52p . do not agree with ()6.13p and other ones, like (I6.16p . 
(j6.22p and (j6.35p . generalize (j6.20p and hence are compatible with (j6.13p . At last, it was 
demonstrated that the commutators between the dynamical variables (see (I5.15p - (l5.23p ) are 
uniquely defined if a Heisenberg relation for one of the operators entering in it is postulated. 

The chief aim of the present section is to be explored the problem whether all of the 
reasonable conditions, mentioned in the previous sections and that can be imposed on the 
creation and annihilation operators, can hold or not hold simultaneously. This problem is 
suggested by the strong evidences that the relations (I5.ip - (l5.3p and (I5.15|) - ()5.23p . with a 
possible exception of (j5.3p (more precisely, of (|5.5p ) in the massless case, should be valid in 
a realistic quantum field theory [1,3,7,8,11,12]. Besides, to the arguments in loc. cit., we 
shall add the requirement for uniqueness of the dynamical variables (see Sect. 



As it was shown in Sect. [U the relations (jS.ip . (|5.2p . ()5.4p and (jS.Sp are compatible if 
one starts from a charge symmetric Lagrangian (see ()3.4p ). which best describes a free field 
theory; in particular, the commutation relations (j6.16p (and hence (|6.20p and (j6.13p ) ensure 
their simultaneous validityil For that reason, we shall investigate below only commutation 
relations for which (15. ip . ()5.2|) . (15. 4p and (15. 5p hold. It will be assumed that they should be 
such that the equations HiUTW^ - KTIh . KT^ - H^:^ . (|071) - ([0n]) and (1^351) ~ ([U:kl]) . respec- 
tively, hold. 

Consider now the problem for the uniqueness of the dynamical variables and its consis- 
tency with the commutation relations just mentioned for a charged field. It will be assumed 
that this uniqueness is ensured via the equations (j4.9p - (j4.1ip . 

The equation (I4.15p . viz. 

[al^,a^U = 0, (7.1) 

is a necessary and sufficient conditions for the uniqueness of the momentum and charge 
operators (see Sect. H] and the notation introduced at the beginning of Sect. E]). Before 
commenting on this relation, we would like to derive some consequences of it. Applying 
consequently (j6.8p for rj = —e, (|7.ip and the identity 

[A,BoC]+ = [A,B]r,oC -rjBo[A,C]-n r] = ±1 (7.2) 
for 7] = +e, we, in view of (17. ip . obtain 



''mi I'^mi '^m ]e]- 

|a^, \al^,a-]e]_ = e[al^, [a-,aj_e]+ = e(l - e)[al^,a~]e o a; 



(7.3) 



Forming the sum and difference of (|6.12ap . for r = 0, and (j6.33ap . we see that the system 
of equations they form is equivalent to 

[a+, [a]^+,a^]e]. = [a^ ,[a^,al^]e]_ = (7.4a) 

[al,[a^,a}^]e]_ + 25imal = [a^^, [aj„+, a-]^]. - 2(5^^0^^ = 0. (7.4b) 

Combining ()7.4bp . for / = m, with (17. 3p . we get 

(l-e)[a]„",a+]eoa+ -F2a+ =0 e(l - e)[a]„+, a;;]^ o a" - 2a;; = 0. (7.5) 
Obviously, these equations reduce to 

a± = (7.6) 

for bose fields as for them e = +1 (see (|3.7p ). Since the operators (j7.6p describe a completely 
unobservable field, or, more precisely, an absence of a field at all, the obtained result means 
that the theory considered cannot describe any really existing physical field with spin j = 0, 1. 
Such a conclusion should be regarded as a contradiction in the theory. For fermi fields, j = \ 
and e = — 1, the equations (j7.5p have solutions different from (|7.6p iff are degenerate 
operators, i.e. with no inverse ones, in which case ()7.4ap is a consequence of (I7.5p and ()7.ip 
(see dnSI) and ([73]) too). 

The source of the above contradiction is in the equation ()7.ip . which does not agree with 
the bilinear commutation relations (j6.13p and contradicts to the existing correlation between 
creation and annihilation of particles with identical characteristics (m = (t,p) in our case) 
as ()7.ip can be interpreted physically as mutual independence of the acts of creation and 
annihilation of such particles [1, § 10.1]. 

At this point, there are two ways for 'repairing' of the theory. On one hand, one can 
forget about the uniqueness of the dynamical variables (in a sense of Sect. H]), after which 



The special case(s) when l|5.5[) may not hold for a massless field will not be considered below. 



the formalism can be developed by choosing, e.g., the charge symmetric Lagrangians ()3.4p 
and following the usual Lagrangian formalism; in fact, this is the way the parafield theory is 
build [16, 18]. On another hand, one may try to change something at the ground of the theory 
in such a way that the uniqueness of the dynamical variables to be ensured automatically. 
We shall follow the second method. As a guiding idea, we shall have in mind that the 
bilinear commutation relations (|6.13|) and the related to them normal ordering procedure 
provide a base for the present-day quantum field theory, which describes sufficiently well 
the discovered elementary particles/fields. On this background, an extensive exploration of 
commutation relations which are incompatible with ()6.13p is justified only if there appear 
some evidences for fields/particles that can be described via them. In that connection it 
should be recalled [17,18], it seems that all known particles/fields are described via ()6.13p 
and no one of them is a para particle/field. 

Using the notation introduced at the beginning of Sect. we shall look for a linear 
mapping (operator) E on the operator space over the system's Hilbert space T of states such 
that 

£[V') = £{^V"). (7.7) 

As it was shown in Sect. HJ an example of an operator E is provided by the normal ordering 
operator A^. Therefore an operator satisfying (j7.7p always exists. To any such operator E 
there corresponds a set of dynamical variables defined via 

V=E(^V'). (7.8) 

Let us examine the properties of the mapping E that it should possess due to the re- 
quirement ()7.7p . 

First of all, as the operators of the dynamical variables should be Hermitian, we shall 
require 

^E{B)f = E{B'^) (7.9) 

for any operator which entails 

= P, (7.10) 



due to (l3:9ll- (;3l2D and (ITIHD . 

As in Sect. HI we shall replace the so-arising integral equations with corresponding alge- 
braic ones. Thus the equations (j4.5p ~ (|4.2Up remain valid if the operator E is applied to their 
left hand sides. 

Consider the general case of a charged field, g 7^ 0. So, the analogue of (|4.15p reads 

f([at,±,a^]_,) =0, (7.11) 

which equation ensures the uniqueness of the momentum and charge operators. Respectively, 
the condition (j4.1ip transforms into 

{{-u^lM)^^lv{n)){E{\a^^,alU) - ^ ([a+ , aM_,)) } |^^^ = 0, (7.12) 

which, by means of ()7.1ip can be rewritten as (cf. ()4.16p ) 

{a;;,(n) ( E(\a^^ , <]_,) - f ([a+ , al^U)) } = 0. (7.13) 

At the end, equations (j4.17p and (|4.18p now should be written as 

^{<;'-(fc)f([at + (fc),a;(fc)]_,)+<;'+(fc)^:([at~(fc),a+(fc)]_,)} = (7.14) 

^{/-:'-(fc)£:([at + (fc),a;(fe)]_,)+/-''+(fe)^:([at-(fc),a+(fc)]_,)} = 0. (7.15) 



These equations can be satisfied if we generalize ()7.1ip to (cf. (|4.20p l 

£{[al^{k),a^,{k)U)=0 (7.16) 

for any s and s'. At last, the following stronger version of (j7.16p 

£{[ait,af,U)=0, (7.17) 

for any m = {t,p) and n = {r,q), ensures the validity of (j7.14p and (|7.15p and thus of the 
uniqueness of all dynamical variables. 

It is time now to call attention to the possible commutation relations. The replacement 
V, V", V" ^ V := £{V') = £{!)") = £{V"') results in corresponding changes in the 
whole of the material of Sect. [H In particular, the systems of commutation relations (I6.10| - 
(fUl^ . (lOID-dniMI), (f^^ - dOnj) and (in3S])-(inSni) shouW be replaced respectively with@ 

[of, £{a\^ o a;;) + e£{al;; o a+)]_ ± (1 + T)5imaf = (7.18) 

[of, £{a\^ o a:^) -e£{al^ o a+)]_ - Si^af = (7.19) 

+ ujlu{n)){[af , £{a)^ oa') - e £{a)^ o at,)]_)]\^^^ = 2{l + T)5imUJ%{l){af) 

(7.20) 

+ E / / dV*'^(p){«;'-(fe)+/^'-(fe))K^(p),^:(aI + (fc)oa;(fc))]. 

s,s' ,t 

+ «:'+(fc) + /^t' +(fc))[af (p), £{al-{k) o a+(fc))].} = Y.Y. I ^PltA^ ip)4(p}- 

i' t 

(7.21) 

Due to the uniqueness conditions ()7.1ip - (l7.14|) . one can rewrite the terms £{a\jt ° a^) 
in (j7.18p - (|7.2ip in a number of equivalent ways; e.g. (see (|7.1ip ) 

£{al^oa^) = e£{a^oal^) = ^£{[al^ ,a^]s). (7.22) 

Consider the general case of a charged field, q ^ (and hence r = 0). The system of 
equations (I7.18p - ()7.19p is then equivalent to 

[a^,£{al^oal)]_ = (7.23a) 
[a+, £{al~ o a+)] _ + eSi^al = (7.23b) 
[a^, £{al^ o a„)] _ - 6imaY = 0. (7.23c) 

These (commutation) relations ensure the simultaneous fulfillment of the Heisenberg rela- 
tions (jS.ip and (j5.2p involving the momentum and charge operators, respectively. To ensure 
also the validity of ()7.20p . with r = 0, and, consequently, of (15. 4p . we generalize (I7.23P to 

[a^,£{al^oa^)]^ = (7.24a) 
[a+, £{al- o a+)] _ + e5/„a+ = (7.24b) 
[a^, £ial^ o a^)]_ - di^a^ = 0, (7.24c) 

for any I = {s,k), m = {t,p) and n = {t,q) (see also (|6.5ip ). In the way pointed in 
Sect, m one can verify that (I7.24p for any I = {s, k), m = {t,p) and n = (r, p) entails ()7.2ip 
and hence (|5.5p . At last, to ensure the validity of all of the mentioned conditions and a 



To save some space, we do not write the Hermitian conjugate of the below-written equations. 



suitable transition to a case of Hermitian field, for which q = and r = 1 (see (j3.7p ). we 
generalize (I7.24|) to 

[al, £{al^ o a~)] _ + r(5/„a+ = (7.25a) 

[of, Sial^ o a+)] _ - er(5/„a;; = (7.25b) 

[a+ £{al;- o a+)] _ + e,5;„a+ = 0, (7.25c) 

K"> ^{alr^ ° <)] _ - -^/ma;; = (7.25d) 

where I, m and n are arbitrary. As a result of ()7.17p . which we assume to hold, and Taj^ = 
raf (see (13^11 ). the equations (l7.25aD and (I7:25cl) (resp. (|7.25bl) and (I7.25dp ') b ecome identical 
when r = 1 (and hence = af)] for r = the system (j7.25p reduces to (|7.24p . Recalling 
that £ = (—1)^'' (see (13. 7p ). we can rewrite (I7.25P in a more compact form as 

[a±, £{a)^ o at)] _ + {±lf^+\5inat, = (7.26a) 
[a±, 8{a)^ o at)] _ - {^l)^^+\5i„,at = 0. (7.26b) 

Since the last equation is equivalent to (see (j7.17p l and use that e = (—1)^-') 

[af, £{at o ai^)] _ + {±l)^^+^6inai = 0, dLM) 

it is evident that the equations (I7.26a|) and ()7.26bp coincide for a neutral field. 

Let us draw the main moral from the above considerations: the equations (j7.17p are 
sufficient conditions for the uniqueness of the dynamical variables, while (I7.26P are such 
conditions for the validity of the Heisenberg relations (I5.ip - (l5.5p . in which the dynamical 
variables are redefined according to (|7.8p . So, any set of operators af^ and £, which are 
simultaneous solutions of ()7.17p and (I7.26p . ensure uniqueness of the dynamical variables 
and at the same time the validity of the Heisenberg relations. 

Consider the uniqueness problem for the solutions of the system of equations consisting 
of (17171) and dZSSI). Writing (17171) as 

£{al^oat)=e£{atoal^) = ^£i[al^,at]e), (7.27) 

which reduces to ()7.22p for n = m, and using e = (-1)2J (see ([37])), one can verify that ((7:26]) 
is equivalent to 

(7.28a) 
(7.28b) 
(7.28c) 
(7.28d) 

The similarity between this system of equations and ()6.16p is more than evident: (j7.28p can 
be obtained from ()6.16p by replacing [•,-]e with <S([-, -Je). 

As it was said earlier, the bilinear commutation relations (|6.13p and the identification of 
£ with the normal ordering operator M, 

£= M, (7.29) 
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convert (I7.27p - (|7.28p into identities; by invoking ()6.8p . for rj = — e, the reader can check 
this via a direct calculation (see also (|4.23p ). However, this is not the only possible solution 



of (|7.27p - (|7.28p . For example, if, in the particular case, one defines an 'anti-normal' ordering 
operator A linear mapping such that 

then the bilinear commutation relations (|6.13|) and the setting £ = A provide a solution 
of ()7.27p - (l7.28p : to prove this, apply (16. 8p for t] = —e. Evidently, a linear combination of 
Af and A, together with <^J^, also provides a solution of (I72ZI)-(IZiMl)@ Other solution 
of the same system of equations is given by i5 = id and operators satisfying ()6.16p . in 
particular the paracommutation relations (I6.20|) . and alit ° a'n = sa'n ° Ont- The problem 
for the general solution of (|7.27p - (j7.28p with respect to £ and is open at present. 

Let us introduce the particle and antiparticle number operators respectively by (see (I7.27P , 
dZSI) and UjSim ) 

Ml := \£{[al,aj-]) = £:(a+oa|-) = (MiY =: M} 

i (7.31) 
Wi := -£{[a}'-,ar]) = £{al^ o = ( W =■ W- 

As a result of the commutation relations ()7.28p . with n = m, they satisfy the equationJ^ 

[M,al]- = 6i^al- (7.32a) 

[Wi,al]^ = T5i„,al (7.32b) 

[Mi,al^].=T6imal^ (7.32c) 

[Wi,al+]^=5i^al + . (7.32d) 

Combining (f3:9D - (f3J2D and (f5lT]) - (im] ) with (17:271) and we get the following 

expressions for the operators of the (redefined) dynamical variables: 

I 

Q = q^(-Ml+Wi) (7.34) 
I 

= (-1^)' '^'J^ ^ ^rnn,- tV^„)} | ^^(^ ^.^ (7.35) 

m,n n={s',k) 

^fiv = Xq^T'i, — XQpT'^ H \ -\- T ~ ^ ^ {^^Ati/ Mnm + ' ^M'mn)}\m={s,k) 

m,n n={s',k) 

+ ^(I^E{(--M.(0+<.M)(A/'/+ t^/'Oll^M.'^) (7.36) 

-A^m' = E^^^"'"" + C"'^)^-- + Ku '~ + C"'") Hnn)}U=(.,fc) (7.37) 

m,n n={s',k) 



If we admit to satisfy the 'anomalous" bilinear commutation relations (|8.27|l (see below), i.e. (|6.f 3p 
with e for -e and (±1)^^ for (±l)^^+\ then £ ^ JV, A also provides a solution of (IE22l-((228}. However, 
as it was demonstrated in [13-15], the anomalous commutation relations are rejected if one works with the 
charge symmetric Lagrangians p.4p . 

The equations (|7.32ap and (|7.32bp correspond to (|7.28ap and (|7.28b|) . respectively, and (|7.32c|l and (|7.32d|l 
correspond to the Hermitian conjugate to (|7.28cp and (|7.28dp . respectively. 



Here uj^^{l) is defined via (|6.50p . we have set 

C"'^:=<.'^(fc) C"'^ := ^Mt' ^(fe) form=(s,fc)andn=(s',fc), (7.39) 
and (see (I72ZD) 

i (7.40) 

Hm ■■= -£{[al + ,a-]) = f(aJ+oa„) = {W„a)^ =: W„a^ 

are respectively the particle and antiparticle transition operators (cf. [26, sec. 1] in a case of 
parafields). Obviously, we have 

M = Ml Wi = Wii. (7.41) 

The choice ([729]), evidently, reduces (l733]l - (f7:36D to (fCTjl . (051) . (ICTD and (IMl . respec- 
tively. 

In terms of the operators (I7.38|) . the commutation relations (I7.28P can equivalently be 
rewritten as (see also (|7.9p ) 
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(7.42d) 



If m = Z, these relations reduce to ()7.32p . due to (|7.39p . 

We shall end this section with the remark that the conditions for the uniqueness of 
the dynamical variables and the validity of the Heisenberg relations are quite general and 
are not enough for fixing some commutation relations regardless of a number of additional 
assumptions made to reduce these conditions to the system of equations (|7.27p - ()7.28p . 

8. State vectors, vacuum and mean values 

Until now we have looked on the commutation relations only from pure mathematical view- 
point. In this way, making a number of assumptions, we arrived to the system (|7.27p - (|7.28p of 
commutation relations. Further specialization of this system is, however, almost impossible 
without making contact with physics. For the purpose, we have to recall [1,3,11,12] that 
the physically measurable quantities are the mean (expectation) values of the dynamical 
variables (in some state) and the transition amplitudes between different states. To make 
some conclusions from these basic assumption of the quantum theory, we must rigorously 
said how the states are described as vectors in system's Hilbert space J- of states, on which 
all operators considered act. 

For the purpose, we shall need the notion of the vacuum or, more precisely, the assumption 
of the existence of unique vacuum state (vector) (known also as the no-particle condition). 
Before defining rigorously this state, which will be denoted by Xq, we shall heuristically 
analyze the properties it should possess. 

First of all, the vacuum state vector Xq should represent a state of the field without any 
particles. From here two conclusions may be drawn: (i) as a field is thought as a collection 
of particles and a 'missing' particle should have vanishing dynamical variables, those of the 
vacuum should vanish too (or, more generally, to be finite constants, which can be set equal 



to zero by rescaling some theory's parameters) and (ii) since the operators and aj~ are 
interpreted as ones that annihilate a particle characterize by / = {s, k) and charge —q or +q, 
respectively, and one cannot destroy an 'absent' particle, these operators should transform 
the vacuum into the zero vector, which may be interpreted as a complete absents of the field. 
Thus, we can expect that 

V{Xo) = (8.1a) 
a-{Xo) = a]-iXo) = 0. (8.1b) 

Further, as the operators a^' and aj^ are interpreted as ones creating a particle charac- 
terize by / = {s, k) and charge —q or +q, respectively, state vectors like a^{Xo) and a|^( Aq) 
should correspond to 1-particle states. Of course, a necessary condition for this is 

Xo + 0, (8.2) 

due to which the vacuum can be normalize to unit, 

(^o|^o) = l, (8.3) 

where (•!•): x JT ^ C is the Hermitian scalar (inner) product of T. More generally, if 
A4(a^, a^i^ 1 . . .) is a monomial only in i G N creation operators, the vector 

:= M{a+,al+,...){Xo) (8.4) 

may be expected to describe an z-particle state (with ii particles and 12 antiparticles, ii +12 = 
i, where ii and i2 are the number of operators af' and aj~^ , respectively, in A^(a^, a}^ , ■ ■ ■))■ 
Moreover, as a free field is intuitively thought as a collection of particles and antiparticles, 
it is natural to suppose that the vectors (j8.4|) form a basis in the Hilbert space J^. But the 
validity of this assumption depends on the accepted commutation relations; for its proof, 
when the paracommutation relations are adopted, see the proof of [18, p. 26, theorem I-l]. 

Accepting the last assumption and recalling that the transition amplitude between two 
states is represented via the scalar product of the corresponding to them state vectors, it 
is clear that for the calculation of such an amplitude is needed an effective procedure for 
calculation of scalar products of the form 

{^hh...\Vrmm2...) ■.= {Xo\{M{a+,al^,...)y o M'{a+^,a}^^,...)Xo), (8.5) 

with M and M' being monomials only in the creation operators. Similarly, for computation 
of the mean value of some dynamical operator P in a certain state, one should be equipped 
with a method for calculation of scalar products like 

(V'h/2...l^<^™...) ■.= {Xo\{M{a+,al+,...))^oVo M'{a+ ,,4 + ,...) Xq). (8.6) 

Supposing, for the moment, the vacuum to be defined via ()8.ip . let us analyze ()8.ip - ()8.6p . 
Besides, the validity of (j7.27p - (j7.28p will be assumed. 

From the expressions (17. 8p and (I3.9p - ()3.12p for the dynamical variables, it is clear that 
the condition (|8.1ap can be satisfied if 

Sialic a'^){Xo) = 0, (8.7) 

which, in view of (|7.27p . is equivalent to any one of the equations 

£{at,oai^){Xo) = (8.8a) 
£i[atal'^]s){Xo) = 0. (8.8b) 



Equation (j8.7p is quite natural as it expresses the vanishment of all modes of the vacuum 
corresponding to different polarizations, 4-momentum and charge. It will be accepted here- 
after. 

By means of (|8.8|) and the commutation relations (j7.28p in the form (j7.42p . in particu- 
lar ()7.32p . one can explicitly calculate the action of any one of the operators (I7.33|) - ()7.38p 
on the vectors (|8.4p : for the purpose one should simply to commute the operators Mim (or 
Ml = Mil) with the creation operators in ()8.4p according to (I7.42p (resp. (I7.32p ) until they 
act on the vacuum and, hence, giving zero, as a result of (j8.8p and (j7.42p (resp. (j7.32p l. In 
particular, we have the equations (ko = \l w?(? -|- fc^): 

P^(a+(A'o)) = Vi'('^o) P,.(aJ + (A'o)) = Vr('^o) l = {s,k) (8.9) 
Q(a+(A'o)) = -<7<(^o) Q(aj" + (A'o)) = ^qa\^{X^) (8.10) 

l^X^^l^v +^cr^z. jL=(t^fc)a™U=(t,fc)i^Oj 
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4-(ari,=(,,fc)(^o)) =(xoM^.-xo.M(«r)('^o)-i^(<.(0(«r))('^o) 
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+ ^(0"^'' )}L=(t,fc)"'nU=(t,/c)('^o) 

KU«nz=(.,.)('^o)) = E{^r(a;,-'+ + /;,-'+) 

KUa+( A-o)) = -ih{u^%mt)){Xo) M°^A4^{X,)) = -ih{u^lMa\^)){X,). (8.14) 



.13) 



These equations and similar, but more complicated, ones with an arbitrary monomial in the 
creation operators for or a| are the base for the particle interpretation of the quantum 
theory of free fields. For instance, in view of ()8.9|) and (I8.10p . the state vectors a^( A'o) and 
a\~^{XQ) are interpreted as ones representing particles with 4-momentum (\/ m?c^ + k^, k) 
and charges —q and +q, respectively; similar multiparticle interpretation can be given to the 
general vectors ()8.4p too. 

The equations (j8.9p ~ (j8.12p completely agree with similar ones obtained in [13-15] on the 
base of the bilinear commutation relations ()6.13p . 

By means of (j8.7p . the expression (j8.6p can be represented as a linear combination of 
terms like ()8.5p . Indeed, as I? is a linear combinations of terms like £{al,toa^), by means of 
the relations (j7.28p we can commute each of these terms with the creation (resp. annihilation) 
operators in the monomial A^'(a+^,amt) • • •) (resp. ( A4(a^,a[^^, . . .))^ = Mt"{aj_^ ,0^^, . . .)) 
and thus moving them to the right (resp. left) until they act on the vacuum Xq, giving 
the zero vector — see (18. 7p . In this way the matrix elements of the dynamical variables, 
in particular their mean values, can be expressed as linear combinations of scalar products 



of the form (jS.Sp . Therefore the supposition (|8.7p reduces the computation of mean values 
of dynamical variables to the one of the vacuum mean value of a product (composition) 
of creation and annihilation operators in which the former operators stand to the right of 
the latter ones. (Such a product of creation and annihilation operators can be called their 
'antinormal' product; cf. the properties (I7.30p of the antinormal ordering operator A.) 

The calculation of such mean values, like (|8.5p for states ip^^p ^ Xq^ however, cannot 
be done (on the base of ()7.27p - (l7.28p . ()8.7p and ()8.1ap ) unless additional assumption are 
made. For the purpose one needs some kind of commutation relations by means of which 
the creation (resp. annihilation) operators on the r.h.s. of (18. 5p to be moved to the left (resp. 
right) until they act on the left (resp. right) vacuum vector Xq; as, a. result of this operation, 
the expressions between the two vacuum vectors in (18. 5p should transform into a linear 
combination of constant terms and such with no contribution in (j8.5p . (Examples of the last 
type of terms are f (om^ o a^) and normally ordered products of creation and annihilation 
operators.) An alternative procedure may consists in defining axiomatically the values of all 
or some of the mean values (18. 5p or, more stronger, the explicit action of all or some of the 
operators, entering in the r.h.s. of (j8.5p . on the vacuum@ It is clear, both proposed schemes 
should be consistent with the relations (fslbl) and (fOl - tfH:^]) . 

Let us summarize the problem before us: the operator 8 in (|7.27p - (|7.28p has to be fixed 
and a method for computation of scalar products like ()8.5p should be given provided the 
vacuum vector Xq satisfies (fslbll . (15:2]) . (ISTSl) and ([821) • Two possible ways for exploration 
of this problem were indicated above. 

Consider the operator £. Supposing f (om^ o aj) to be a function only of a\rt and aj, 
we, in view of ()8.1bp . can write £{a\^ o aj) = f^^alit o aj) o b with b = a~ (upper sign) or 
b = a^m (lower sign) and some functions Applying (j7.27p . we obtain (do not sum over /) 

£{al^ oal) = /+(a]„+,af ) o a^- £:(a+ oaj"") = /"(a+ , ") o " 
£{aY oa}^) = ef-^{al^,aY) oa^ £{al' oa+) = e/-(a+, a]"") o a[". 

Since f is a linear operator, the expression £{ali^oa^) turns to be a linear and homogeneous 
function of alit^ and aj, which immediately implies f^{A,B) = X^A for operators A and 
B and some constants G C. For future convenience, we assume = 1, which can be 
achieved via a suitable renormahzation of the creation and annihilation operatorsE^ Thus, 
the last equations reduce to 

£ {a]^ o ar ) = ^Irt ° «r ^ ("m °4')= «m ° 4 ~ (8. 15a) 

£{aY o a^^'^) = ea}^ o a'l' £{aj o a^) = ea^ o aj^ ~. (8.15b) 

Evidently, these equations convert (j7.27p . (|8.7p and (j8.8p into identities. Comparing (j8.15p 
and (I4.22p . we see that the identification 

£ = M (8.16) 

of the operator £ with the normal ordering operator M is quite natural. However, for our 
purposes, this identification is not necessary as only the equations (|8.15p . not the general 
definition of M, will be employed. 



Such an approach resembles the axiomatic description of the scattering matrix [1,7,8]. 

Since A"'' = or/and A~ = implies D — 0, due to (|7.8p . these values are excluded for evident reasons. 



As a result of (|8.15p . the commutation relations (j7.28p now read: 



[a/",a+ o a],~]. + 5i„a+ = (8.17a) 

[al ,al^ o a:^]_ + T5ina^ = (8.17b) 

[ay , a+ o al']_ - rdima" = (8.17c) 

[aY,al^ o a^]_ - 6ima~ = 0. (8.17d) 

(In a sense, these relations are 'one half of the (para) commutation relations (j6.16p : the 
latter are a sum of the former and the ones obtained from ()8.17p via the changes o an~ i— > 
ean~ o a+ and ajrt ° ^ ^^n ° (^rrt', the last relations correspond to (|7.28p with £ = A, A 
being the antinormal ordering operator — see ()7.30p . Said differently, up to the replacement 
af \/2af^ for all /, the relations (j8.17p are identical with (j6.16p for e = 0; as noted in [26, the 
remarks following theorem 2 in sec. 1], this is a quite exceptional case from the view-point 
of parastatistics theory.) By means of (j6.8p for rj = —e, one can verify that equations (|8.17p 
agree with the bilinear commutation relations ()6.13p . i.e. ()6.13p convert ()8.17p into identities. 

The equations (jS.lSp imply the following explicit forms of the number operators (|7.3ip 
and the transition operators (I7.40p : 

Ml = aj o a\ " tV; = 4^ o a{ (8.18) 
Mm = al o Wim = ^ o a„. (8.19) 

As a result of them, the equations (j7.33p - (|7.36p are simply a different form of writing of (|4.24p . 
(f05]) . (fi:28]) and K29\\ . respectively. 

Let us return to the problem of calculation of vacuum mean values of antinormal ordered 
products like ()8.5p . In view of (18.1bp and (18. 3p , the simplest of them are 

(^o|Aid^(^o)> = A {Xo\M^{Xo)) =0 (8.20) 

where A G C and (resp. M~) is any monomial of degree not less than 1 only in the 

creation (resp. annihilation) operators; e.g. = , aj^ , af^oa^, af^oaj^ . These equations, 
with A = 1, are another form of what is called the stability of the vacuum: if Xi denotes an 
i-particle state, i G NU {0}, then, by virtue of (j8.20p and the particle interpretation of (|8.4p . 
we have 

{Xi\Xo) = 6io, (8.21) 

i.e. the only non-forbidden transition into (from) the vacuum is from (into) the vacuum. 
More generally, if A^/^o and Xqjh denote respectively i'-particle and /'-antiparticle states, 
with Xq^q := Xq, then 

{Xi/fi\ Xoj») = 6i/oSoj", (8.22) 

i.e. transitions between two states consisting entirely of particles and antiparticles, respec- 
tively, are forbidden unless both states coincide with the vacuum. Since we are dealing with 
free fields, one can expect that the amplitude of a transitions from an (i'-particle + j'-an- 
tiparticle) state Xi'j' into an (i"-particle + j"-antiparticle) state Xi'ij// is 

Xi' j/\ Xi" j/i^ = 6i'i" 6j' ji' , (8.23) 

but, however, the proof of this hypothesis requires new assumptions {vide infra). 

Let us try to employ (|8.17p for calculation of expressions like (|8.5p . Acting with (|8.17p 
and their Hermitian conjugate on the vacuum, in view of (|8.1bp . we get 

a^,o {-al- oa+ + 8in\d^){Xo) = aj,+ o (a„ o - id^)( ^"0) = 



a' o I— a. 



al + T5in\djr){Xo) = a+o(a]„ o a[ + - rJ^^ id^)( ^0) = 0. 



These equalities, as well as (j8.17p . cannot help directly to compute vacuum mean values 
of antinormally ordered products of creation and annihilation operators. But the equa- 
tions ()8.24p suggest the restriction^^ 

o a+(^o) = '^im'^o ° al^i^o) = Sim^o 
0-7 ° «m( '^o) = T5im Xq a\~ o al^ ( ^b) = r^;™ Xq 

to be added to the definition of the vacuum. These conditions convert ()8.24p into identities 
and, in this sense agree with (|8.17p and, consequently, with the bilinear commutation rela- 
tions ()6.13p . Recall [16,18], the relations ()8.25p are similar to ones accepted in the parafield 
theory and coincide with that for parastatistics of order p = 1; however, here we do not sup- 
pose the validity of the paracommutation relations (I6.20p (or ()6.16p ). Equipped with (I8.25p . 
one is able to calculate the r.h.s. of (j8.5p for any monomial M (resp. M') and monomials 
M' (resp. M) of degree 1, deg M' = I (resp. deg M = l)^ Indeed, ([ESS]), dslb]) and 
entail: 

{XQ\a\' o a+(^o)) = ('^okr ° «m^('^o)) = ^Im 
{XQ\aJ o a+( Ab)) = {Xo\a\~ o aJ„+( Ab)) = rSim 

{X^\{M{al,al^,---))^ oaUX^)) = {X^\{M{al,al^r--))^ oa\^{X^))=Q degM>2 

{Xa\ai o M{at,„al^^,---){XQ)) = ( A'o|a[ " o Al(a+^ , a1„+ • • • )( ^o)> = deg 7W > 2. 

(8.26) 

Hereof the equation (I8.23P for i' + j' = 1 (resp. i" + j" = 1) and arbitrary i" and j" (resp. i' 
and j') follows. 

However, it is not difficult to be realized, the calculation of ()8.5p in cases more general 
than (j8.20p and (j8.26p is not possible on the base of the assumptions made until nowlf^ At 
this point, one is free so set in an arbitrary way the r.h.s. of ()8.5p in the mentioned general 
case or to add to (|8.17p (and, possibly, (|8.25p ) other (commutation) relations by means of 
which the r.h.s. of ()8.5p to be calculated explicitly; other approaches, e.g. some mixture 
of the just pointed ones, for finding the explicit form of (|8.5p are evidently also possible. 
Since expressions like (18. 5p are directly connected with observable experimental results, the 
only criterion for solving the problem for calculating the r.h.s. of (j8.5p in the general case 
can be the agreement with the existing experimental data. As it is known [1, 3, 11, 12], at 
present (almost?) all of them are satisfactory described within the framework of the bilinear 
commutation relations (j6.13p . This means that, from physical point of view, the theory 
should be considered as realistic one if the r.h.s. of ()8.5p is the same as if (I6.13P are valid 
or is reducible to it for some particular realization of an accepted method of calculation, 
e.g. if one accepts some commutation relations, like the paracommutation ones, which are 
a generalization of (|6.13p and reduce to them as a special case (see, e.g., (|6.20p ). It should 
be noted, the conditions (ISlbl^ -dO) and are enough for calculating ()8.5p if (I6.16p . 

or its versions (|6.17p or ()6.20p . are accepted (cf. [16]). The causes for that difference are 
replacements like [a,^, an~]_ 2a^oali~ , when one passes from (I6.16P to ()8.17p : the existence 
of terms like alt" o a+a^ in (j6.16p are responsible for the possibility to calculate (|8.5p . 

Since the operators af" and a] ^ are, generally, degenerate (with no inverse ones), we cannot say that (|8.24[) 
implies ((5]2SJ. 

For deg M' = (resp. deg X' = 0) — see (|8^ . 

It should be noted, the conditions (|8.1b|l - (|8.3p and (|8.25[) are enough for calculating (|8.5p if the rela- 
tions (|6.16p . or their version (|6.2U|I . are accepted (cf. [16]). The cause for that difference is in replacements 
like [a^, ajj~]_ ^-+ 2a^ o ajj~, when one passes from (|6.16p to (|8.17|l : the existence of terms like al^~ o o 
in (I6.16P is responsible for the possibility to calculate (I8.5|l . in case (|6.16p hold. 



If evidences appear for events for which (jS.Sp takes other values, one should look, e.g., 
for other commutation relations leading to desired mean values. As an example of the last 
type can be pointed the following anomalous bilinear commutation relations (cf. (|6.13p ) 



[a^,a^]e = 



[al^,at.]e = 



(8.27) 



which should be imposed after expressions like Eia^m ° a^) are explicitly calculated. These 
relations convert ()8.17p and (18.250 into identities and by their means the r.h.s. of ()8.5p can be 
calculated explicitly, but, as it is well known [lj3, 11, 12, 27] they lead to deep contradictions 
in the theory, due to which should be rejectedcj 

At present, it seems, the bilinear commutation relations (j6.13p are the only known com- 
mutation relations which satisfy all of the mentioned conditions and simultaneously provide 
an evident procedure for effective calculation of all expressions of the form (j8.5p . (Besides, 
for them and for the paracommutation relations the vectors (18. 4p form a base, the Fock 
base, for the system's Hilbert space of states [18].) In this connection, we want to mention 
that the paracommutation relations ()6.16p (or their conventional version ()6.20p ). if imposed 
as additional restrictions to the theory together with (j8.17p . reduce in this particular case 
to (j6.13p as the conditions (j8.25p show that we are dealing with a parafield of order p = 1, 



Ending this section, let us return to the definition of the vacuum Xq. It, generally, 
depends on the adopted commutation relations. For instance, in a case of the bilinear com- 
mutation relations (j6.13p it consists of the equations (|8.1ap - (j8.3p . while in a case of the 
paracommutation relations ()6.16p (or other ones generalizing (I6.13P ) it includes ()8.1ap - ()8.3p 
and (|8:25|) . 

9. Commutation relations for 

several coexisting different free fields 

Until now we have considered commutation relations for a single free field, which can be 
scalar, or spinor or vector one. The present section is devoted to similar treatment of a 
system consisting of several, not less than two, different free fields. In our context, the 
fields may differ by their masses and/or charges and/or spins; e.g., the system may consist 
of charged scalar field, neutral scalar field, massless spinor field, massive spinor field and 
massless neural vector field. It is a priori evident, the commutation relations regarding only 
one field of the system should be as discussed in the previous sections. The problem is to be 
derived/postulated commutation relations concerning different fields. It will be shown, the 
developed Lagrangian formalism provides a natural base for such an investigation and makes 
superfiuous some of the assumptions made, for example, in [17, p. B 1159, left column] or 
in [18, sec. 12.1], where systems of different parafields are explored. 

To begin with, let us introduce suitable notation. With the indices a, /3, 7 = 1, 2, . . . , 
will be distinguished the different fields of the system, with A^ G N, A^ > 2, being their 
number, and the corresponding to them quantities. Let and be respectively the charge 

■^^ As it was demonstrated in [13-15], a quantization like (|8.27|l contradicts to (is rejected by) the charge 
symmetric Lagrangians p.4p . 

■^■^ Notice, as a result of (|8.17p . the relations (|6.16|l correspond to (|7.28|) for £ — A, with A being the 
antinormal ordering operator (see (|7.30p ). 




and spin of the a-th field. Similarly to (|3.7p . we define 



for scalar a-th field f 

I 1 for = (neutral (Hermitian) field) 



I for spinor a-th field 
1 for vector a-th field 



for 7^ (charged (non-Hermitian) field) 



(-1) 



2j° 



-|-1 for integer j" (bose fields) 

—1 for half- integer (fermi fields) 

(9.1) 



Suppose is the Lagrangian of the a-field. For definiteness, we assume for all 
a to be given by one and the same set of equations, viz. (13. ip . or (13.30 or (13. 4p . To save 
some space, below the case (|3.4p . corresponding to charge symmetric Lagrangians, will be 
considered in more details; the reader can explore other cases as exercises. 

Since the Lagrangian of our system of free fields is 

C:=Y. (9.2) 

a 

the dynamical variables are 

p = ^ p° (9.3) 

a 

and the corresponding system of Euler-Lagrange equations consists of the independent equa- 
tions for each of the fields of the system (see (13. 6p with for C) . This allows an introduction 
of independent creation and annihilation operators for each field. The ones for the a-th field 
will be denoted by a^,,a{k) and OQ^c«(fc); notice, the values of the polarization variables 
generally depend on the field considered and, therefore, they also are labeled with index 
a for the a-th field. For brevity, we shall use the collective indices m" and n", with 
/" := {a,s",k) etc., in terms of which the last operators are and aj^, respectively. The 
particular expressions for the dynamical operators are given via (j3.9p - (|3.12p in which 
the following changes should be made: 



(9.4) 



The content of sections H] and [5] remains valid mutatis mutandis, viz. provided the just 
pointed changes (|9.4p are made and the (integral) dynamical variables are understood in 
conformity with ()9.3p . 



9.1. Commutation relations connected with the momentum operator. 
Problems and their possible solutions 

In sectionsEHSl however, substantial changes occur; for instance, when one passes from (j6.12p 
or ()6.15p to ()6.16p . We shall consider them briefly in a case when one starts from the charge 
symmetric Lagrangians (|3.4p . 

The basic relations ()6.12p . which arise from the Heisenberg relation (15. ip concerning the 
momentum operator, now read (here and below, do not sum over a, and/or /? and/or 7 if 
the opposite is not indicated explicitly!) 

[a^c, [a]j5,a-^]^/3 + [a+^, aJ^^]^/3] _ ± (1 + T)5ic.^^af^ = (9.5a) 
[a]^, [a]J^,a;;^]^;3 + [a^^^fs , a^Jsj^p] _ ± (1 + r)5p^/5a;l^ = 0. (9.5b) 



It is trivial to be seen, the following generalizations of respectively ()6.14p and (j6.15p 



[a%,[a^0,al^0]^i3]^± (1 + T^)(5;.^,3aj^ = (9.6a) 

[a^, [aJJ^,a-^]^/3]_ ± (1 + T'^)(5;.^,3a;=^ =0 (9.6b) 

[a|j^, [a^0,a^^f,]^i3] _ ± (1 + T^)Sic.^pal^ = (9.6c) 

[al^, [a|;^,a-,],,]_ ± (1 + T^),5,.^,aJ ± = (9.6d) 

"W'le''] - + 25«"m/5a;t = (9.7a) 

, [aJ^J, a~^]£/3] ^ + 2T^5ic.^0al^ = (9.7b) 

["m/S' "L^le''] - ~ 2T^'Jr»n/30,; = (9.7c) 



provide a solution of (j9.5p in a sense that they convert it into identity. As it was said in 
Sect.m the equations (19. 6|) (resp. ()9.7p ) for a single field, i.e. for /? = a, agree (resp. disagree) 
with the bilinear commutation relations (|6.13p . 

The only problem arises when one tries to generalize, e.g., the relations (19. 7p in a way 
similar to the transition from (j6.15p to (j6.16p . Its essence is in the generalization of expres- 
sions like [al^, a^/sle/s and T^^ia^pafa- When passing from (16.150 to ()6.16p . the indices / and 
m are changed so that the obtained equations to be consistent with (|6.13p : of course, the 
numbers e and r are preserved because this change does not concern the field regarded. But 
the situation with (|9.7p is different in two directions: 

(i) If we change the pair (m^, m^) in [a|^^ , a^^J^/j with (m^, n'^), then with what the num- 
ber should be replace? With e^, or or with something else? Similarly, if the mentioned 
changed is performed, with what the multiplier in T^Sia^pa^ should be replaced? The 
problem is that the numbers and are related to terms like o „ and a'^ „ o a^^, 

^ mP mP mP mP ' 

in the momentum operator, as a whole and we cannot say whether the index /? in and 
originates from the first of second index in these expressions. 

(ii) When writing {m^ ,rC) for {m^,m^) (see (i) above), then shall we replace Sia^paf^ 
with Sicjy^fja^i , or Sicn-ra^p, or (J^/j^^a^? For a single field, 7 = /? = a, this problem is 
solved by requiring an agreement of the resulting generalization (of (|6.16p in the particular 
case) with the bilinear commutation relations ()6.13p . So, how shall ()6.13p be generalized for 
several, not less than two, different fields? Obviously, here we meet an obstacle similar to 
the one described in (i) above, with the only change that — should stand for e^. 

Let bid and denote some creation or annihilation operator of the o-field. Consider the 
problem for generalizing the (anti)commutator [bia , cia]±^a . This means that we are looking 
for a replacement 

[V,cp]±£" ^ f^{bi^,c^i3;a,/3), (9.8) 
where the functions are such that 

/^(V>C^/5;«>/?)|/3=a = [^«"'C/'^]±e"- (9-9) 

Unfortunately, the condition (j9.9p is the only restriction on that the theory of free fields 
can provide. Thus the functions subjected to equation ()9.9p . become new free parameters 
of the quantum theory of different free fields and it is a matter of convention how to choose/fix 
them. 



It is generally accepted [18, appendix F], the functions to have forms 'maximum' 
similar to the (anti) commutators they generalize. More precisely, the functions 



/'^(V,C^/3 ;«,/?) = [6iQ,C^/3]±gC./3 (9.10) 

where e"^ G C are such that 

e"" = e", (9.11) 

are usually considered as the only candidates for Notice, in (j9.1Up . e"^ are functions in 
a and /?, not in and/or m^. Besides, if we assume e"^ to be function only in and e^, 
then the general form of is 

£»P = u"^e" + (1 - n°^)e^ + v^'^il - e"e^) -u"^, v""^ G C, (9.12) 

due to (j9.ip and (|9.1ip . (In view of (|6.13p . the value e"^ = +1 (resp. e"'^ = —1) corresponds 
to quantization via commutators (resp. anticommutators) of the corresponding fields.) 

Call attention now on the numbers r" which originate and are associated with each term 
[fez" ) Cm"]±e" • With every change (|9.8p one can associate a replacement 

^ g{bi^,c^i3;a,P), (9.13) 

where the function g is such that 

5(V,c^/5;a,/?)|^=„ = r". (9.14) 

Of course, the last condition does not define g uniquely and, consequently, the function 
g, satisfying (j9.14p . enters in the theory as a new free parameter. Suppose, as a working 
hypothesis similar to ()9.10p - (l9.1ip . that g is of the form 

(7(6«.,c„,;a,/?) =r"^, (9.15) 
where r"^ are complex numbers that may depend only on a and (3 and are such that 

r"" = r". (9.16) 
Besides, if we suppose r"^ to be functions only in r"^ and r^, then 

^^aP^a^yaP^P ^^^_^ap _yaP^^a^P X°^,y"^GC, (9.17) 

result of dnH) and (IHl^ . 
Let us summarize the above discussion. If we suppose a preservation of the algebraic 
structure of the bilinear commutation relations (j6.13p for a system of different free fields, 
then the replacements 

[bi<^ , ci'y]±e'^ ^ [kc , c^fs]^^cf3 e"" = e" (9.18a) 

^ ^aa ^aa ^ (9.18b) 

should be made; accordingly, the relations (j6.13p transform into: 
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_ea/3 


= 5, 



id.F X { , (9.19) 



where 1 (resp. — e"^) in { _^ai3 corresponds to the choice of the upper (resp. lower) signs. If 
we suppose additionally (resp. r"^) to be a function only in and (resp. in and 
r^), then these numbers are defined up to two sets of complex parameters: 



e 



= + (1 - u"^)e^ + v'^^il - e"e^) n"^, u"'^ G C (9.20a) 

t'^P = x'^I^t'' + y'^'^jl^ + (1 - x"^ - y"^)r"r'^ x"^, G C. (9.20b) 

A reasonable further specialization of e°^P and r"'^ may be the assumption their ranges 
to coincide with those of and r", respectively. As a result of (19. ip . this supposition is 
equivalent to 

^ _^a/3^ _^a/3 ^ _ ^ 21a) 

(x-^y"^) = (0,0),(0,l),(l,0),(l,l). (9.21b) 

Other admissible restriction on (I9.20p may be the requirement e"^ and r"^ to be symmetric, 
viz. 

e°^(e",e^) = e^°(e",e^) = e"/^(e^,e") (9.22a) 
T"^(T",r^) = T^"(r",r^) = r"'3(r^,r"), (9.22b) 

which means that the a-th and /3-th fields are treated on equal footing and there is no a 
priori way to number some of them as the 'first' or 'second' oneEl In view of (I9.20p . the 
conditions (j9.22p are equivalent to 

n"^ = ^ z;'"^ G C (9.23a) 

y"^ = x"^. (9.23b) 

If both of the restrictions (j9.2ip and (j9.23p are imposed on (j9.20p . then the arbitrariness of 
the parameters in (I9.20|) is reduced to: 

{u-^u-P) = (\^-\)A\,\) (9.24a) 



.2' 2y'V2'2. 
(x"^y"^) = (0,0),(l,l) (9.24b) 

and, for any fixed pair (a,/3), we are left with the following candidates for respectively e"^ 
and r"^: 

e"/' := l(+l+e" + e/3_e"e/3) (9.25a) 

e"^ := ^(-l + e" + e^ + e"e^) (9.25b) 
rf := r° + (9.25c) 
rf ■= t'^ + t'^ - t'^t'^. (9.25d) 

When free fields are considered, as in our case, no further arguments from mathematical 
or physical nature can help for choosing a particular combination (e"^,T"^) from the four 
possible ones according to (j9.25p for a fixed pair (a,/3). To end the above considerations of 
e°^P and r"^, we have to say that the choice 



(e"^^"/5) = [ef,Tf) = (^(+l + e"+e^-e°e^),r" + r^) (9.26) 



However, nothing can prevent us to make other choices, compatible with (|9.18p . in the theory of free 



fields; for instance, one may set e"" = e^e^e"" and t"" = ^(r" + t'^)t'^°' 



is known as the normal case [18, appendix F]; in it the relative behavior of bose (resp. 
fermi) fields is as in the case of a single field, i.e. they are quantized via commutators (resp. 
anticommutators) as (e"'^,r°^) = (+1,0) (resp. (e"^,r"^) = (—1,0)), and the one of bose and 
fermi field is as in the case of a single fermi field, viz. the quantization is via commutators as 
(e"^, r"^) = (+1, 0). All combinations between e'^ and Tq^ different from ()9.26p are referred 
as anomalous cases. Above we supposed the pair (a, /3) to be fixed. If a and /? are arbitrary, 
the only essential change this implies is in (I9.25p . where the choice of the subscripts +, — , 
and 1 may depend on a and /?. In this general situation, the normal case is defined as the one 
when (I9.26P holds for all a and /?. All other combinations are referred as anomalous cases; 
such are, for instance, the ones when some fermi and bose operators satisfy anticommutation 
relations, e.g. ([9191) with e"^ = -1 for + e^^ = 0, or some fermi fields are subjected to 
commutation relations, like (j9.19p with e"^ = +1 for e'^ = = —1. For some details on this 
topic, see, for instance, [18, appendix F], [7, chapter 20] and [27, sect 4-4]. Fields/operators 
for which e"^ = +1 (resp. e"^ = —1), with (3 ^ a, are referred as relative parabose (resp. 
parafermi) in the parafield theory [17,18]. One can transfer this terminology in the general 
case and call the fields/operators for which e"^ = +1 (resp. e"^ = —1), with P a, relative 
bose (resp. fermi) fields/operators. 

Further the relations (I9.19P will be referred as the multifield bilinear commutation rela- 
tions and it will be assumed that they represent the generalization of the bilinear commuta- 
tion relations ()6.13p when we are dealing with several, not less than two, different quantum 
fields. The particular values of e°^^ and them are insignificant in the following; if one 

likes, one can fix them as in the normal case (I9.26p . Moreover, even the definition ()9.19p 
of r"^ is completely inessential at all, as r"^ always appears in combinations like T'^^Sia^/i 
(see ()9.19p or similar relations, like ()9.27p . below), which are non- vanishing if /? = a, but 
then r""^ = r"; so one can freely write r" for r"^ in all such cases. 

Equipped with (|9.19p and (|9.18p . we can generalize (j9.7p in different ways. For example, 
the straightforward generalization of (I6.16P is: 

ht, [a+^,a|,7]^;3^]_ + 25p„7a+^ = (9.27a) 

[a+ , [a; + , a-,U,] _ + 2r"^5z.„.a+, = (9.27b) 

[a;";, [a+^,47]£/37]_ - 2T"''^5io.^fsa--y = (9.27c) 

K"^' [^.L^'^n^le"^]- ~ '^^l^mf^an-y = 0- (9.27d) 

However, generally, the relations (I9.19P do not convert (I9.27P into identities. The reason is 
that an equality/identity like (cf. (j6.8p l 



[V,C^/3 o dni]_ = [6p,C.^/3]_£c«/3 o dn-r + A"^'^C^0 O [ftp , d„7] -e<«7 , (9.28) 

where 6;q, c^p and (i„7 are some creation/annihilation operators and A"^''' G C, can be valid 
only for 

^a/37 = ^a/3 £a7 = l/^"/3 (e"^ / 0), (9.29) 

which, in particular, is fulfilled if 7 = /? and e"^ = ±1. So, the agreement between (j9.19p 
and ()9.27p depends on the concrete choice of the numbers e"'^. There exist cases when even 
the normal case (I9.26P cannot ensure ()9.19p to convert ()9.27p into identities; e.g. when the 
a-th field and /3-th fields are fermion ones and the 7-th field is a boson one. Moreover, it can 
be proved that (I9.19P and ()9.27p are compatible in the general case if unacceptable equalities 
like o = hold. 

One may call (I9.27P the multifield paracommutation relations as from them a correspond- 
ing generalization of (|6.18p and/or (j6.20p can be derived. For completeness, we shall record 



the multifield version of (|6.20p : 

, [b^^(3,bni]ePi]- = 26ic.^i3bni [6p , [b.^,a , bni]^P'y]_ = (9.30a) 

[Q", [c|„,3,Cn7]j/57]. = 25,c«^/3C„7 [ci<^,[c^f3,Cni]eP'y]. = (9.30b) 

[b]^,[cl^0,Cn-fU-,]_ = -2t°'^ 5i^nib^^p [c\^,[b^^p,bni]eM]. = -2r"^5/.„7 c|^^ . (9.30c) 



For details regarding these multifield paracommutation relations, the reader is referred to [17, 
18], where the case r"^ = = r"^ = is considered. 

We leave to the reader as exercise to write down the multifield versions of the commuta- 
tion relations (j6.22p or (j6.23p . which provide examples of generalizations of (j9.7p and hence 
of (f9l9]) and (19:271) . 

9.2. Commutation relations connected with the charge and 
angular momentum operators 

In a case of several, not less than two, different fields, the basic trilinear commutation rela- 
tions (I6.33p . which ensure the validity of the Heisenberg relation ()5.2p concerning the charge 
operator, read: 

[afc., li'ls' "m/s]^'^ ~ i^]^'^] - ~ '^^i^m^afc = (9.31a) 

[aj^, [a]j5, a-^]^/3 - [a+^, aJ^~]^/3] _ + 25ic.^^al^ = 0. (9.31b) 

Of course, these relations hold only for those fields which have non-vanishing charges, i.e. 
in (|9.3ip is supposed (see ()9.ip ) 

= = ( ^ q^qf^ / 0). (9.32) 

The problem for generalizing (|9.3ip for these fields is similar to the one for (|9.7p in the 
case of non-vanishing charges, = 0. Without repeating the discussion of Subsect. 19.11 
we shall adopt the rule (|9.18p for generalizing (anti) commutation relations between cre- 
ation/annihilation operators of a single field. By its means one can obtain different general- 
izations of (|9.3ip . For instance, the commutation relations. 

[alc,[al^j,a:^j]^0j - [a+^, an7]e/37] _ - 2(5/c.„7a+^ = (9.33a) 

[V' [«L')3'°n^]£'3^ - [a^r3,ai^]ei3-f]_- '^^i^mP<^ = (9.33b) 

and their Hermitian conjugate contain ()9.3ip and (I6.35P as evident special cases and agree 
with (j9.19p if 7 = /3 and e^^e^"^ = +1. Besides, the multifield paracommutation rela- 
tions (I9.27|) for charged fields, = = r''' = 0, convert ()9.33p into identities and, in this 
sense, (|9.33p agree with (contain as special case) (|9.27p for charged fields. As an example 
of commutation relations that do not agree with ()9.27p for charged fields and, consequently, 
with (j9.33p . we shall point the following ones: 

[o't^dO'^0,al^]eP'r]_ + ^i'^n->a^0 =0 (9.34a) 
[a%, [al^3,a~j]e0y-]^ - ^l'-n^a^i3 = 0, (9.34b) 
which are a multifield generalization of (|6.34p . 

The consideration of commutation relations originating from the 'orbital' Heisenberg 
equation (|5.4p is analogous to the one of the same relations regarding the charge operator. 
The multifield version of ()6.49p is: 

+ K,rai^Ul)}i,^^, = 4(1 + T"^)5,.^,a;;,(r)(4) (9.35a) 



+ [«+/3,4."]./5.]-)}L.=™/3 =4(l + r-/^)W^M-G")(«j"<^) (9.35b) 

where 

u;,{n := co^^ik) = - k,^ if r = {a, k). (9.36) 

Applying (|6.5ip . with for m and n"^ for n, one can check that the multifield paracom- 
mutation relations ()9.27p convert (19.350 into identities and hence provide a solution of ()9.35p 
and ensure the validity of (j5.4p . when system of different free fields is considered. An example 
of a solution of ()9.35p which does not agree with ()9.27p is provided by the following multifield 
generalization of (j6.52p : 

[a^' [a^/3.«n7]£/37]_ = [a^, [a^Ji , a'^Uf] _ = -(1 + T"'^)5«"n^a;|;,3 (9.37a) 

K"^' [a™/3>«n7]e/37]_ = [v, [a^j3,a-^Uj]_ = +(1 + r''^)(5;c.^^<a+^, (9.37b) 

which provides a solution of ()9.5p . Notice, the evident multifield version of ()6.53p agrees 
with (|9.5p . but disagrees with (j9.35p when the lower signs are used. 

At last, the multifield exploration of the 'spin' Heisenberg relations (15. 5p is a mutatis 
mutandis (see (|9.35p ) version of the corresponding considerations in the second part of Sub- 
sect. 16.31 The main result here is that the multifield bilinear commutation relations (I9.19p . 
as well as their para counterparts (|9.27p . ensure the validity of (j5.5p . 

9.3. Commutation relations between the dynamical variables 

The aim of this subsection is to be discussed/proved the commutation relations ()5.15p - (|5.24p 
for a system of at least two different quantum fields from the view-point of the commutation 
relations considered in subsections 19.11 and 19. 2[ 

To begin with, we rewrite the Heisenberg relations (|5.ip . (|5.2p and (j5.4p in terms of 
creation and annihilation operators for a multifield system [1,11]: 

[afc, V^]_ = ^kfj_afa [a\^, V^]_ = ^k^a\^ (9.38) 

Q]. = qafa Wi^, Q\. = -qa\a (9.39) 

-^M-]- = inw%{n{a%) M^'^X = ity^l,{n{d\^) , (9.40) 



where P = (a,s",fc), w°(r) is defined by (fOH]) and ko = VrnV + fc^ is set in (f9:38]) 
and (j9.40p (after the differentiations are performed in the last case). The corresponding 
version of (|5.5p is more complicated and depends on the particular field considered (do not 



sum over s 



an. 



(9 41) 



where /^a = — 1,0,-|-1 (depending on the particular field) , := —ha '■= -r^rnj — (— 1)-'"^^ and 
^crliv {k) and ^a'lJ' (k) are some functions which strongly depend on the particular field 
considered, with ^afi^ '^{k) being related to the spin (polarization) functions afiJ^ '^(fc) 
(see ([311]) and (fXTTIl lI^ As a result of dSS]), dOHl) and (fOT]) . one can easily write the 
Heisenberg relations (j5.3p in a form similar to (|9.38p - (|9.4ip . 

If 0f (fe) are the Fourier images of the Q-th field and 



The commutation relations involving the momentum operator are: 



[V^,,Vul = ^ [Q, 7'm]- = 

[5^.,7'aI=[-M^p,^aI = (9.45) 



We claim that these equations are consequences from ()9.38p and the explicit expressions ()3.9p - 
p.l2p and (j5.1ip - (|5.13p for the operators of the dynamical variables of the free fields con- 
sidered in the present work. In fact, since (I9.38P implies 

[bt^°cl,,rf,l = r = (a, s'^, fc), m'^ = (/?,/, fc) (9.46a) 



[6± u:;, in o cl„ V^l = ±2{k^r],x - k,ii^x)hf^ o (9.46b) 



where hfa,cfa = a^, cl\^^ and uj°^^ {I") is defined via (I9.36P and (I3.13p . the verification of ()9.45p 
reduces to almost trivial algebraic calculations. Further, we assert that any system of commu- 
tation relations considered in Subsect . 19.11 entails (I9.45p : as these relations always imply ()9.5p 
(or similar multifield versions of ()6.10p and (16. lip in the case of the Lagrangians (13. ip or (13. 3p , 
respectively) and, on its turn, (j9.5p implies (|5.ip . the required result follows from the last 
assertion and the remark that (15. 1|) and ()9.38p are equivalent. As an additional verification 
of the validity of (j9.45p . the reader can prove them by invoking the identity (j6.8p and any 
system of commutation relations mentioned in Subsect. 19. H in particular ()9.19p and (I9.27p . 
The commutation relations concerning the charge operator read: 

[r^,Ql = o [Q, Q]. = o 

Ql = [S,,,, Ql = (9.47) 
[M-;., Ql = [M'^u, Ql = [M^., Ql = 0. 

These equations are trivial corollaries from ()3.9p - ()3.12p and ()5.1ip - (l5.13p and the observation 
that ([939]) implies 

[al^ o al, , Ql = [a± o a^J , Q]. = if = qf" , (9.48) 

due to (16. 8p for rj = —1. Since any one of the systems of commutation relations mentioned in 
Subsect . 19 . 21 entails (j9.3ip (or systems of similar multifield versions of (|6.3ip and (j6.32p . if the 
Lagrangians ()3.1|) or ()3.3|) are employed), which is equivalent to (I9.39p . the equations ()9.47p 
hold if some of these systems is valid. Alternatively, one can prove via a direct calculation 
that the commutation relations arising from the charge operator entail the validity of (19.470 : 



where '^(fe) are linearly independent functions normalize via the condition 



^(«f '±(fe))*i;r-±(fc) = 5^°*°r°, (9.43) 

i 

with = 1 for j" = 0, i and = 0, -1 for {j" , s") = (1, 3) or (j", s") = (1, 1), (1, 2), respectively, then 

9a - ., 

(9.44) 

with J*^^ given via (|5.25|) . Besides, (t^^* '^(fc) = ^(^fiv^ '^C^) with an exception that (t^^' '^(fc) = for 
j" = i and (/i, v) = (a, 0), (0, a) with a = 1, 2, 3. 



for the purpose the identity (j6.8p and the expUcit expressions for the dynamical variables via 
the creation and annihilation operators should be applied. 

At last, consider the commutation relations involving the different angular momentum 
operators: 

[Vx, C^ul = [Vx, M°;,l = [Vx, M^,,l = +ih{r]x^V, - vxuV,,} 

[ Q, C^ul = [ Q, S^,l = [ Q, Al- ]. = [ Q, M'^,l = [ Q, = 

[S^x, M^i,]_ = -ih{rj^f,Sxu - ilXfiS^u - rj^ySx^, + VxuS^^,} 

\L^x, M.^J,y\_ = -i^{r/^^ Lxv - VXfi l^xv - f];^ Cxfj. + VXu C^^] 

[M^x, M^u]. = -^h{r]^f,Mxu - r]Xfi-M>cu - n^yMx^ + rixuM:^^]. 

(The other commutators, that can be form from the different angular momentum operators, 
are complicated and cannot be expressed in a 'closed' form.) The proof of these relations is 
based on equations like (see (I9.40p and (16.80 ) 



[Voc^,,A^-]_ = i/;^;^(r)(6,.oc^,) r = (a,s",fc), m^ = (/?,s^,fc), (9.50) 

with 6p, qq = a^a, aJa,cL\a , a\a , and similar, but more complicated, ones involving the other 
angular momentum operators. It, generally, depends on the particular field considered and 
will be omitted. 

As it was said in Subsect. 16.31 the Heisenberg relations concerning the angular momentum 
operator(s) do not give rise to some (algebraic) commutation relations for the creation and 
annihilation operators. For this reason, the only problem is which of the commutation 
relations discussed in subsections 19.11 and 19.21 imply the validity of the equations (|9.49p (or 
part of them). The general answer of this problem is not known but, however, a direct 
calculation by means of ()9.7p . if it holds, and ()6.8p shows the validity of ()9.49p . Since ()9.19p 
and (j9.27p imply (|9.7p , this means that the multifield bilinear and para commutation relations 
are sufficient for the fulfillment of (I9.49p . 

To conclude, let us draw the major moral of the above material: the multifield bilinear 
commutation relations (I9.19P and the multifield paracommutation relations ()9.27p ensure 
the validity of all 'standard' commutation relations (j9.45p . (j9.47p and (j9.49p between the 
operators of the dynamical variables characterizing free scalar, spinor and vector fields. 

9.4. Commutation relations under the uniqueness conditions 

As it was said at the end of the introduction to this section, the replacements (19. 4p ensure the 
validity of the material of Sect. |3]in the multifield case. Correspondingly, the considerations 
in Sect. [7] remain valid in this case provided the changes 

/ /" m I— > n' 

rk^ ^ r"^<5;.„, = T%.^, (9.51) 

[bm,bm]e ^ [brnf^b^'Ae'^ [bm,bn]e ^ [bmf ^ bni]^0-, , 

with bm (or b^p) being any creation/annihilation operator, and, in some cases, (j9.4p are 
madec3 Without going into details, we shall write the final results. 
The multifield version of (I7:27p - (|7:28] ) is: 

Sia^J-, o aX.) = ef^Sia^-, o aj^) = ^ £ {[a^J",, a^,U) (9.52) 



As a result of (|7.1ip . (|7.16p and (|7.17p . in expressions like (|7.18l) - (|7.26|) the number e should be replace 
by e"'', where a and f3 are the corresponding field indices of the creation/annihilation operators on which the 



operator £ acts, i.e. e £(bm ° bn) i— > s'^^ £{bm.f ° bn~i)- 
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(9.53e) 



As one can expect, the relations (|9.53ap - ()9.53dp can be obtained from the multifield paracom- 
mutation relations (19.270 via the replacement [•,-]e ^ "^(["j "le/s^)- It should be paid special 
attention on the equation (j9.53ep . It is due to the fact that in the expressions for the dynami- 
cal variables do not enter 'cross-field-products', like a|a^oa~^ for (5 ^ a, and it corresponds to 
the condition (ii) in [17, p. B 1159]. The equality (j9.53ep is quite important as it selects only 
that part of the ' iS-transformed' multifield paracommutation relations (I9.27P which is com- 
patible with the bilinear commutation relations (j9.19p (see ()9.28p and (|9.29p ). Besides, (|9.53ep 
makes (I9.53ap - (|9.53dp independent of the particular definition of e"'^ (see ()9.1ip ). 

The equations (j9.52p are the only restrictions on the operator £; examples of this operator 
are provided by the normal (resp. antinormal) ordering operator J\f (resp. A), which has the 
properties (cf. (|i:22D (resp. (^3Di)) 

AA(a-^ o alt) ■■= e^^alt o a"^ ^^(aj^" o a+ ) := e^^a+ o aj^" 



(9.55) 

The material of Sect. [8] has also a multifield variant that can be obtained via the re- 
placements (I9.5ip and ()9.4p . Here is a brief summary of the main results found in that 
way. 

The operator S should possess the properties (I9.54p and, in this sense, can be identified 
with the normal ordering operator, 

£ = AT. (9.56) 

As a result of this fact and e^^ = (see (I9.11|) ). the commutation relations ()9.53p take the 
final form: 

[a/t , ° 4/3^] _ + ^I'-ni^a'^p = (9.57a) 
[a+ , al;^, o a-,] _ + T"^5p,,a+, = (9.57b) 
["/-'«m/3 ° iiA-- '^"^^«"m/'a~/3 = (9.57c) 
' ° Kii] - - ^i"mpa~i3 = (9.57d) 

which is the multifield version of (|8.17p and corresponds, up to the replacement afa ^ \/2a^ , 
to (lOTD with = 0. 

The vacuum state vector Xq is supposed to be uniquely defined by the following equations 
(cf. (I8lb]l -(l8:3]l): 

a" Xo = a}' Xo = (9.58a) 
Xo^O (9.58b) 
{Xo\Xo) = l (9.58c) 

ffl/a o a^i3 ( Xo) = 6ic^i3 Xq a;~ o a|^"|5 ( Xq) = ^ic^p Xq 



(9.58d) 

° a+^( A'o) = T^"' Sic^p Xq o a+^(^o) = t^^^^-^/s Xq. 



The Hilbert space T of state vectors is a direct sum of the Hilbert spaces T'^ of the 
different fields and it is supposed to be spanned by the vectors 

V',-i;°2 = A4(ati,a+ ,...)( A'o) 

1 2 ■■ tj^ I2 

with A4(aii , > • • • ) being arbitrary monomial only in the creation operators. 
'2 

Since (I9.58ap . ()9.56p and ()9.54p imply the multifield version of ()8.7p . the computation of 
the mean values of (j8.6p . with l\ h-> /"^ etc., of the dynamical variables is reduced to the one 
of scalar products like (cf. (18.50 ) 

(V'CL"2...l<^„ft^^2 ) = (A'o|(A^(at,,a+,,...))^o Al'(a+,^,a+,^,...)(A'o)) (9.60) 

1 2 Tii^ ... '1 '2 rrtj 

of basic vectors of the form ()9.59p . By means of the basic properties ()9.58p of the vacuum, 
one is able to calculate the simplest forms of the vacuum mean values (j9.60p . viz. the mul- 
tifield versions (see (|9.5ip ) of (|8.2Up and (|8.26p . But more general such expression cannot 
be calculated by means of ()9.57|) - ()9.58p . Prima facie one can suppose that the multifield 
commutation relations (j9.19p . which ensure the vectors (|9.59p to form a base of the system's 
Hilbert space of states, can help for the calculation of (I9.60p in more complicated cases. In 
fact, this is the case which works perfectly well and covers the available experimental data. 
In this connection, we must mention that the applicability of (I9.19P for calculation of ()9.60p 
is ensured by the compatibility /agreement between (j9.19p and (19.571) : by means of (|6.8p for 
r] = —e°'^, one can check that ()9.19p converts ()9.57p into identities r^l 

The commutation relations (j9.57p admit as a solution also the multifield version of the 
anomalous bilinear commutation relations (I8.27P but it, as we said earlier, leads to contradic- 
tions and must be rejected. The existence of solutions of (j9.57p different from it and (|9.19p 
seems not to be investigated. If there appear date which do not fit into the description by 
means of ()9.19p . one should look for other, if any, solutions of (19.570 or compatible with ()9.57p 
effective procedures for calculating vacuum mean values like (|9.6Up . 

10. Conclusion 

In this paper we have investigated two sources of (algebraic) commutation relations in the 
Lagrangian quantum theory of free scalar, spinor and vector fields: the uniqueness of the 
dynamical variables (momentum, charge and angular momentum) and the Heisenberg rela- 
tions/equations for them. If one ignores the former origin, which is the ordinary case, the 
paracommutation relations or some their generalizations seems to be the most suitable can- 
didates for the most general commutation relations that ensure the validity of all Heisenberg 
equations. The simultaneous consideration of the both sources mentioned reveals, however, 
their incompatibility in the general case. The outlet of this situation is in the redefinition 
of the operators of the dynamical variables, similar to the normal ordering procedure and 
containing it as a special case. That operation ensures the uniqueness of the new (redefined) 
dynamical variables and changes the possible types of commutation relations. Again, the 
commutation relations, connected with the Heisenberg relations concerning the (redefined) 
momentum operator, entail the validity of all Heisenberg equations. 

'^^ Recall, equations (|9.19p and (|9.27p . or (|9.53ap - (|9.53d|l . for 7 7^ /3 are generally incompatible. For instance, 
excluding some special cases, like systems consisting of only fermi (bose) fields or one fermi (bose) field and 
arbitrary number of bose (fermi) fields, the only operators satisfying (|9.19p and (|9.27p for 77^/? and having 
normal spin-statistics connection are such that 6^/3 o bn-i = 0, with 7 7^ /3 and b^fj and Cn-i being any 
creation/annihilation operators, which, in particular, means that no states with two particles from different 
fields can exist. 



(9.59) 



Further constraints on the possible commutation relations follow from the definition/in- 
troduction of the concept of the vacuum (vacuum state vector) . They practically reduce the 
redefined dynamical variables to the ones obtained via normal ordering procedure, which 
results in the explicit form (j8.17p of the admissible commutation relations. In a sense, 
they happen to be 'one half of the paracommutation ones. As a last argument in the way 
for finding the 'unique true' commutation relations, we require the existence of procedure 
for calculation of vacuum mean values of anti-normally ordered products of creation and 
annihilation operators, to which the mean values of the dynamical variables and the transition 
amplitudes between different states are reduced. We have pointed that the standard bilinear 
commutation relations are, at present, the only known ones that satisfy all of the conditions 
imposed and do not contradict to the existing experimental data. 

The consideration of a system of at least two different quantum free fields meets a new 
problem: the general relations between creation/annihilation operators belonging to differ- 
ent fields turn to be undefined. The cause for this is that the commutation relations for any 
fixed field are well defined only on the corresponding to it Hilbert subspace of the system's 
Hilbert space of states and their extension on the whole space, as well as the inclusion in 
them of creation/annihilation operators of other fields, is a matter of convention (when free 
fields are concerned); formally this is refiected in the structure of the dynamical variables 
which are sums of those of the individual fields included in the system under consideration. 
We have, however, presented argument by means of which the a priori existing arbitrari- 
ness in the commutation relations involving different field operators can be reduced to the 
'standard' one: these relations should contain either commutators or anticommutators of 
the creation/annihilation operators belonging to different fields. A free field theory cannot 
make difference between these two possibilities. Accepting these possibilities, the admissible 
commutation relations (j9.57p for system of several different fields are considered. They turn 
to be corresponding multifield versions of the ones regarding a single field. Similarly to the 
single field case, the standard multifield bilinear commutation relations seem to be the only 
known ones that satisfy all of the imposed restrictions and are in agreement with the existing 
data. 
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